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Abstract—The brain implements recurrent neural networks
(RNNs) efficiently. Modern computing hardware does not. Al-
though specialized neuromorphic systems are well suited for
recurrent implementations in the inference phase, training RNNs
on-chip is a challenge and not amenable to backpropagation
through time (BPTT). To mitigate this mismatch of RNNs and
hardware, we propose the application of Multiplexed Gradient
Descent (MGD) for model-free learning in recurrent networks
with simple operations realizable by a number of neuromorphic
systems. MGD does not require analytic differentiation, weight
transport, diverse computations, or even a hardware model. Nev-
ertheless, MGD can estimate the true gradient of a loss landscape
for any differentiable objective function and is able to do so
with multiplexed perturbations. Considerable time advantages
are accessible by minimizing the resolution of gradient estimation
required for gradient descent. The only operations needed for
MGD are those canonically associated with an RNN along with
additional mechanisms for global broadcast, local memory, and
pseudorandom value generation. In this paper, we demonstrate
that MGD converges to the true gradient in agreement with
BPTT for a recurrent state space model (SSM), independent
of learning task and network initialization. MGD is found to
perform gradient descent with efficient gradient approximations
on real-world time series data, obtaining a 99% test accuracy
on the ECG anomaly dataset and 93% on the full imbalanced
multiclass ECG-5000, with similar results over a wide variety
of network sizes, initialization, and hyperparameter settings. We
show that learning in the recurrent layer is self-regulating for
stability by analyzing its ongoing spectral radius. The separa-
bility of learned representations by this method are visually
and quantitatively analyzed with k-means clustering, principal
component analysis, and distance measures. Finally, prospects
for neuromorphic hardware implementations are proposed given
the modest operation and topological requirements to learn in
RNNs with MGD in-situ, thereby offering a viable path toward
the full neuromorphic advantage of learning in RNNs on-chip.
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I. INTRODUCTION

TABLE I
A CASE FOR ON-CHIP RNNS TRAINED WITH MGD.

System Efficient RNNs BPTT MGD
Brain v’ X ?
CPU/GPU X v’ v’
Simulated Neuromorphics X v’ v’
Physical Neuromorphics v’ X N

Recurrent neural networks (RNN5) are the natural choice for
temporally dependent computing. Certainly, RNNs are nature’s
choice, as the vast majority of all network topologies in the
brain are recurrent [1]-[3]. From a theoretical standpoint,
cycles in a network create temporal offsets that are capable
of producing higher-dimensional reconstructions according to
Taken’s theorem [4]. Intuitively, allowing information from
previous inputs to persist in a network through recurrence,
rather than being immediately extruded through an output
layer, readily paints the picture of a memory window for
input-history-informed network activity. Indeed, RNNs are
the established choice for brain-inspired computing in the
time domain [5]-[9] , and have moreover seen a resurgence
with state-of-the-art results in sequence processing by way
of Legendre Memory Units [10], [11] and later State Space
Models (SSMs, Fig. 1) [12]-[14] with strong performance
even in the large language model (LLM) domain. While
modern SSM results leverage GPU-trainable approximations
of recurrence, efficient and scalable in-hardware training of
true RNNs remains to be seen.


http://crossmark.crossref.org/dialog/?doi=10.1109%2FICONS69015.2025.00025&domain=pdf&date_stamp=2025-11-26
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Fig. 1. Input signal u(t) is projected to state z(t) € RY according to
projection matrix B € RN where N is the size of the state. z(t) is moreover
subject to the recurrent transition matrix A € RN*N at ever step in time.
Here, only the final state (¢t = T') is mapped by readout C' to some output
y, which is associated with some objective function to guide learning.

Generally, the motivation to realize temporal computing
with brain-inspired efficiency using RNNs is at odds with mod-
ern computing hardware. Although iterative matrix multiplica-
tion can instantiate a recurrent system in a way well suited to
both GPU parallelism [15] and the backpropagation-through-
time (BPTT) learning algorithm, it fails to take advantage of
in-memory computation with dedicated neural circuit elements
as is observed in the brain. Even basic field programmable
array (FPGA) implementations of RNNs have been shown
to outperform CPUs and GPUs [16], despite that FPGAs
are not uniquely designed for RNNs. Though GPUs are the
most powerful computing hardware for multilayer perceptrons
(MLPs) and convolutional architectures, they still struggle to
implement RNNs directly with commensurate efficiency, and
this is all the more reason to consider brain-inspired methods
on brain-inspired hardware.

Neuromorphic hardware can implement neuronal activations
and recurrence through native properties of physical circuit el-
ements, resulting in massive efficiency gains that enable small-
footprint, real-time devices that enjoy inherent low power
through asynchronous parallelism, in-memory compute, and
physical activation functions [17]. However, these extremely
efficient implementations of neural networks do not follow
the von Neumann architectural scheme and are therefore less
poised to implement the diverse and sophisticated computa-
tional requirements of backpropagation, and moreover BPTT,
on-chip. This is because BPTT requires a variety of computa-
tion types (including differentiation on well-defined activation
functions), weight transport [18] (the topological constraint
of backward passes requiring every new downstream weight
to be routed to every learnable parameter), and unrolling
the recurrent graph in time — none of which are suitable
for specialized hardware that involve noisy, unconventional,
and even non-differentiable activation functions, dedicated
topologies, and in-time in-memory compute.

An alternative solution is to train entirely off-chip with
simulated hardware models before transferring weights to the
neuromorphic device, or even cycling through on-chip forward
passes, off-chip backward calculations, and on-chip updates.
These approaches suffer from susceptibility to inaccurate
hardware models, imperfect weight transfer techniques, device
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defects, and noise. The motivation for on-chip, in-situ training
methods is therefore great because learning on the hardware
itself, and around its associated noise and defects, circumvents
much of the aforementioned susceptibilities by including these
properties in the learning procedure. The limiting factor thus
becomes what learning algorithms can be instantiated with
the limited (but efficient) operation scope of neuromorphic
hardware? A variety of choices have been explored [19]-[21],
but a definitive solution to in-situ training in neuromorphic
systems, and especially those implementing RNNs, is not yet
salient. This claim is evidenced by the sparsity of experimen-
tal papers that demonstrate recurrent on-chip neuromorphic
learning, though promising efforts have been made [22]-[25].

We here propose an existing learning algorithm, multiplexed
gradient descent (MGD) [26], [27], as a viable solution to the
mismatch between the potential neuromorphic advantage of
implementing RNNs and the neuromorphic disadvantage of
on-chip learning in RNNSs, thus advancing toward a caveat-
free neuromorphic advantage in modern computing (see Table
I). MGD requires only simple operations and topologies in the
form of random number generation, global broadcast, and local
memory, all of which are commonly found in neuromorphic
systems (as we will examine in Sec. V), and are present in
the brain in the form of stochasticity, neuro-modulation, and
synaptic storage respectively.

Perturbative methods are well known to reliably estimate
the true gradient with respect to an objective function for
sufficiently small perturbation sizes and have strong theoretical
grounds for this guarantee [28]. The mechanics of perturbative
learning are most obviously understood by the finite difference
method [29], whereby a single parameter of a system is
randomly perturbed by some value €, whose contribution to
the change in global cost is perfectly isolated. By iterating
over all parameters, the method converges to the true gradient
in the limit of ¢ — 0 and is guaranteed to work for any
differentiable function with a tractable gradient. Importantly,
perturbative methods of this sort are model-free (i.e., the
function-to-differentiate need not be known). MGD introduces
an approach to multiplex (parallelize) these perturbations in a
time-efficient manner by employing random =+e perturbations
at every learnable parameter simultaneously, and by moderat-
ing three key hyperparameters:

1) 7p: Number of iterations to integrate into a gradient
estimation before making an update.

2) 7,: Number of iterations per set of perturbation values.

3) 7,: Number of iterations per training example.

To execute gradient descent in a neural network using MGD,
it is often sufficient to batch a set of training examples (7p =
batch size), make a random =e perturbation to all parameters
(1p = batch size) only once before making an update (7, = 1)
[27], and this happens to be on the upper end of operation effi-
ciency for perturbative gradient descent, roughly O(Ng -iter),
where Ng is the total number of parameters and iter is the
total number of training iterations. The method thus benefits
from efficient multiplexing of perturbations and updates.



The key insight as to why MGD works is that over time the
history of random perturbation signs for a given parameter
becomes increasingly unique to that parameter, and likewise
updates to that parameter become increasingly uniquely cor-
related to its true contribution to the cost. According to this
insight, and by [28], this method is guaranteed to approximate
the true gradient for any differentiable system, regardless
of system topology, activation functions, hardware defects,
and/or noise (given an appropriate noise-to-¢ ratio). This then
should apply (as will be demonstrated) to recurrent topologies
with operations confined to those afforded by specialized
neuromorphic hardware implementations.

The MGD learning algorithm starts by accumulating an
estimate of the gradient,

where V; is the i*" component of the gradient, AC is the
change in cost before and after multiplexed perturbations are
applied, and 0; is the sign and magnitude of the perturbation to
the learnable parameter associated with the i*" component of
the gradient. The estimation is accumulated over a number of
iterations designated by the hyperparameter 7y, and stored in a
distributed component-wise fashion before the simple update

O+ —nV /1y 2)

is applied to the set of all learnable parameters © according
to learning rate 7).

The work presented here is the first application of MGD
toward learning in RNNs, and we therefore make contact
with where RNNs are currently seeing the greatest advantages
in modern computing. Legendre Memory Units (LMUs), and
later State Space Models (SSMs), utilize principled structuring
of an input-to-hidden projection matrix, and linearly recurrent
hidden layer, to recoup coefficients to the Legendre polynomi-
als in the form of neuronal activations for a specified sliding
window of time over a signal or sequence. These dynamics
accommodate improved history-informed representations at
any given moment in the recurrent state, and therefore promote
more effective temporal learning and smoother gradient ini-
tializations. Adopting the common notation of SSM literature,
we describe (and depict, in Fig. 1) the associated system of
equations accordingly,

2/ (t) = Ax(t) + Bu(t)
y(t) = Ca(t) + Du(?),

th

3
“

where B projects temporal input w(¢) to state space x(t),
which is itself subject to the recurrent transition matrix A.
The readout map C' projects z(t) to some output y(t). Note,
that A and B are discretized as a function of input length
and simulation time step (according to [12]). As is typical
in SSMs, D := 0 and C can represent any sort of readout
mapping (linear, nonlinear, multilayer, etc.), which often uses
only the final state for classification, and in which case we
refer to y(¢t) instead as y. Dropping D, Equation 4 becomes
y = Cx(t = T), where T is the length of input. Learning
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can take place on any of these active parameters (A, B, and
C) with the objective function being associated only with
the final output y. We indeed show that MGD can train
the entire system, (projection B, recurrence A, and readout
C). Moreover, MGD is found to increase machine learning
performance and quantitatively improve separability in state
representations of input.

When considering the relationship of contemporary SSM
literature to an operation-limited learning algorithm for train-
ing an SSM in its recurrent form, it is important to note
that although SSM architectures like S4 [13] employ efficient
approximations of recurrent dynamics according to a convolu-
tional kernel on unrolled time, they do not instantiate learning
in physical in-memory recurrence. Specialized, naturally re-
current hardware (like the brain), stands to gain from efficient
implementations of RNNs rather than kernel approximations,
which are non-physical and require sophisticated training tech-
niques that would not readily transfer to specialized hardware.
This work offers a proof of concept for on-chip training of
physical RNNs that should in theory have access to some of
the many impressive results of modern SSMs on GPUs. We
show that MGD converges to the true recurrent gradient, in-
dependent of parameter count and network topology, therefore
making a strong suggestion that these findings should scale to
the greater scopes implementable in specialized neuromorphic
hardware.

We thus propose a method for performing gradient descent
in RNNs using operations that are conducive to on-chip imple-
mentation in neuromorphic systems. In Section II, we demon-
strate empirically that MGD converges to the true gradient for
the entire state space architecture, including the recurrent layer.
In Section III, we apply this finding toward machine learning
performance on real data and investigate the learning dynamics
of these results according to the ongoing spectral radius of the
recurrent matrix. The class separability of state representations
is scored with k-means clustering and visualized with principle
component analysis (PCA). Finally, appropriate candidates for
hardware implementations and suggestions for future work are
proposed in Section V.

II. GRADIENT CONVERGENCE

Gradient Convergence in A for Increasing N
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Fig. 2. Alignment of estimated gradient with true gradient over time for
increasing state size N. A grows with N'2. The inset shows time-to-threshold
over increasing parameter count (N?2), for different selected thresholds.



The first step in demonstrating the efficacy of MGD gradient
estimation for recurrent systems is to examine the alignment
of estimated gradients with the true gradient V, which is here
computed with BPTT on random samples from the ECG-5000
dataset. In every case V is corroborated in the perturbative
context with the finite difference (FD) method in the limit
of ¢ — 0. It is found that BPTT and FD are always in
alignment. Although the FD is an excellent gradient estimator,
it requires an entire forward pass per parameter, so at best
it may here serve as a watermark for perturbation-derived
gradient estimation, and not as a viable hardware-efficient
learning algorithm itself.

Fig.2 shows the MGD gradient approximation method con-
verging to the true backpropagation-derived gradient for all
parameters associated with the recurrent matrix A, which scale
with the state size N according to N2. Note, the full A-B-C
architecture is used in the forward pass and the gradient is
estimated specifically for A through multiplexed perturbations
on its respective parameters only. Again, referring the reader to
[27], it is important to realize that gradient descent does not
require the true gradient, but rather only an approximation
that is in positive alignment (the same direction) as the true
gradient. This insight is also the nature of stochastic gradient
descent (SGD) [30], one of the most common variants on pure
backpropagation in machine learning. We see here that MGD
indeed is immediately in positive alignment, even after just one
iteration. Therefore it is sufficient to set a low threshold for
alignment convergence to benefit from improved scaling (see
Fig. 2 inset). The MGD estimated gradient should always be
in alignment with the true gradient, so long as a perturbation
is not made exactly orthogonal to the gradient. This is because
a perturbation that either increases or decreases the cost
equivalently gives the same amount of information. Even for a
single parameter, a perturbation that is orthogonal to the cost
is extremely unlikely. A smooth, descending loss landscape,
for example, would have only exactly two directions that could
be orthogonal to the gradient. En mass it would be virtually
impossible that perturbation information in the cost would be
outweighed by orthogonal noise.

It is also found that the B and C' parameter groups converge
to the true gradient according to MGD, including in the pres-
ence of up-or-downstream recurrence. This finding prompts an
investigation into a layerwise training scheme (collecting the
gradient for each layer at every iteration separately), and it
is found that all parameters converge together. Simultaneous
gradient estimation across all layers does result in a reduced
final alignment with respect to the total gradient, which is
likely due to weight diffusion, but the alignment is still always
positive and therefore sufficient for effective gradient descent,
which we will see in Sec. III. All of these findings extend
to batching in an SGD fashion (i.e., 79 = 7, = batch size,
and 7, = 1). Like SGD with backpropagation, batch size does
negatively correlate with gradient accuracy (linearly), and like
with backpropagation, this is found to be an asset for more
regularized learning. In the case of RNNs trained with MGD,
this may even result in better recurrent stability, as we will
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also explore in Sec. III.

Having seen that MGD accurately converges on the true
gradient, and is already in positive alignment with the true
gradient in early iterations, we may now apply these findings
to recurrent learning in RNNs on real data.

III. RESULTS AND ANALYSIS

To give insight on training RNNs with MGD, we here con-
sider a number of architectures, analytics, and visualizations.
Precise details on datasets and implementation techniques are
available in section IV and moreover through the public git
repository associated with this work.
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Fig. 3. ECG-anomaly performance for increasing N over multiple initial-
izations (five seeds each with randomness in the readout and perturbation
draw). It can be seen that the variance is fairly low, and the performance is
fairly high, even for small state sizes. This suggests a robustness to random
variations in the model.

Please refer to Fig. 1 for a diagrammatic overview of the
general architecture used in the results below, adopted from
state space model literature. For the entire sequence length
input is projected to the state z € RY according to B € RN
and is subject to the recurrent transition matrix A € RNV,
both of which are pre-derived and discretized according to the
HiPPO initialization [12]. Once the input phase is complete,
the final state (¢t = T') is mapped to some output y according
to readout C' and subsequently to an objective function (e.g.
cross-entropy loss). C' can stand for any number of readouts,
such as a multilayer perceptron, or a linear readout, all of
which are suitable for training with MGD. We refer to the
trainable parameters in a learning regime accordingly (e.g. an
ABC'-training model, or a C-only model).

A. Learning

As a first look into training RNNs with MGD, we consider
the 5000-sample ECG-Anomaly detection task, which involves
natural data in the time domain. We see this dataset is
handily solved for a range of state sizes in Fig. 3, implicating
trainability of both small and large recurrent networks with
MGD. Fig. 4 visualizes the system as it learns to separate
heartbeat classes with a test accuracy of 99%. In all cases,
A, B, and C are trained together, and it is found that the
model could utilize either a linear single-layer readout map or
a nonlinear MLP with to a roughly equivalent effect.

Importantly, the temperament of the recurrent layer proves
to be fairly self-regulating when perturbed with MGD. Fig. 4
demonstrates the stable behavior A over the course of learning
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Fig. 4. (Top) Validation accuracy and loss during training. (Middle) Ongoing
spectral radius of A during training, which proves to be stable. (Bottom) The
magnitude of updates being made to A, implying stability is not due to a
placid update regime.

according to its spectral radius (its absolute maximum eigen-
value). When training RNNSs, this is not always guaranteed, as
subtle changes in the recurrent layer can result in runaway
dynamics that disable learning. Even BPTT often requires
optimizers to maintain such balance. Generally, it is advisable
to enforce the spectral radius of a fixed recurrent system to
unity [6], as anything else should compound recurrent updates
on themselves, resulting in runoff dynamics. Conversely, a
small spectral radius can result in system dissipation that is
too rapid to use for a learning scheme. However, it is observed
with the MGD learning algorithm that the spectral radius tends
to hover near unity, either above or below, without running off.
This is an unexpected and convenient result which may follow
from MGD’s noisy estimations of the true gradient providing
natural regularization. If the parameters make contact with a
runoff region in the gradient, there would likely be several
update iterations available to recognize this threat to cost
minimization and move toward more stable regions. This
reasoning is supported by how the gradient alignment becomes
increasingly noisy as performance rises and the perturbation-
to-loss ratio €/cost increases. The resulting stability is ob-
served over a wide range of parameter settings, loss functions,
and readout maps (both linear and nonlinear), suggesting a rich
parameter space for which MGD training responds smoothly
to input.

In support of observed stability in A, we can refer to Fig. 5
and see that under a variety of conditions and initializations,
training that involves the recurrent layer consistently performs
well. A proves to be the most powerful single-trainable layer
configuration, and A is involved in the top three highest
performance means and the highest absolute performance.
Training A, B, and C together results in the most stable
performance with the least variance. Training C' alone is
the weakest classifier (though this still performs well), even
given that it takes the pure HiPPO initialized SSM outputs
as input. Notably, training B and C' together results in strong
performance, though B is associated to the objective function
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Fig. 5. Hyperparameter sweep over all possible sets of trainable parameters
with state size limited to N = 32 (to better tease out performance and for
faster run time), with ten random seeds rerun for each configuration. Models
all use a two-layer [N,N,1] MLP as their readout map C' and learning rate is
always normalized according to the parameter count and batch size (see IV).
Generally, all configurations perform well and always tested over 93%. This
is a typical box plot where the box center line corresponds to median, the
upper and lower box bounds to the upper and lower quartiles, the whiskers
to a 1.5x interquartile range, and circle-markers to outliers.

only through A, so the recurrent component is still integral.
A is also stable for increasing state size IV, and does improve
performance with size, as seen in Table II. Given these results,
and robustness seen to state size and random seeds in Figs.
3 and 5, we can expect on an empirical basis that training A
with MGD is prone to stability. Importantly, this same stability
is not found using BPTT, which only was able to produce
similar performance when using the Adam optimizer [31], a
method unlikely to match hardware using dedicated circuits
for computation.

TABLE II
A FEW HIGHLIGHTED PERFORMANCES.
dataset N C loss | Accuracy
ECG-Anomaly | 128 | Linear | MSE 99.0%
ECG-Anomaly | 128 MLP CE 99.0 %
ECG-Anomaly | 32 MLP CE 98.5 %
ECG-5000 256 | MLP CE 93%

B. Separability

From a theoretical standpoint, for a given input signal over a
specified sliding window in time, a state space is recouping the
Legendre polynomial coefficients associated with that signal
in its state activations to an order corresponding to the number
of neurons in the state. This encodes history-related temporal
information in the state vector at any given moment in time.
While this is precisely the case at initialization, once training
begins, state space dynamics will have no such guarantees.
It becomes a question of interest then what sort of states are
produced and what is their quality with respect to the learning
task? The latter requires a metric for success in terms of state
quality, which is readily available for estimation by a number
of proxy metrics, all of which may be cast as statements of
separability, by which we mean how easy is it to separate
different states produced by the RNN with respect to their
associated input class?



A first metric, as we have already seen, is of course
raw classification performance. States more amenable to the
classification task will be more classifiable because they are
more separable. To isolate this metric from the readout map
C, which is itself trained by MGD, we may also employ a
simple logistic regression classifier over all states generated
in response to a dataset to estimate the linear separability
of the states produced before and after the MGD training
procedure. We find that having trained A during a full ABC-
training round essentially always improves logistic regression
performance, and by as much as 5%, which we here take as
a metric for improved linear separability.

Another method to assess state quality in terms of the
separability of class representations is by way of K-means
clustering, an unsupervised learning algorithm that clusters
inputs optimally over a given number of centroids by ascertain-
ing the centroid locations that produce the minimum distances
to every data point. A classification accuracy can furthermore
be produced by determining which centroid-to-label pairings
result in the best classification. So as not to conflate this with
our MGD model performances (which are better), we will refer
to this as a separability score, because this is a good metric for
determining how well separated class-associated data points
are in any high dimensional space. Fig. 6 well illustrates the
improved separability of state space representations for the
multiclass ECG-5000 dataset (details in Sec. IV). We see a
considerable boost in separability score (over 10% increase)
as a function of MGD training, which itself produces a training
accuracy of 93% with 256 states.

Separability of State Space Representations

Before Training: Separability = 0.59 After Training: Separability = 0.713
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Fig. 6. Final state vectors for every input in the multiclass ECG-5000 test set
projected onto their first two principle components, and grouped according to
the k-means clustering algorithm. The left plot is before the recurrent matrix
A was subject to MGD training and the plot on the right is after. It can be
qualitatively seen that training improves and quantitatively measured by the
improved separability score (k-means accuracy).

C. Dynamics

Beyond separability of the final state representation, a
question also arises as to what sorts of dynamics are at play
in higher-dimensions over time. PCA enables us to project
these higher dimensions onto their components of maximum
variance, and if this variance is taken across all states over all
time and all inputs, we can appropriately compare the trajec-
tories of high-dimensional input-driven state representations
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over classes. Referring to Fig. 7, we see that indeed states
take on class-specific dynamics after being trained with MGD,
and moreover that class separability across time is improved
by training with MGD. Before training, class representations
encircle each other throughout input duration and are often in
close proximity (including in the final state). After training,
it can be seen that class trajectories immediately separate
from their common starting point and continue to separate
throughout the input duration.

Class-Wise Temporal Dynamics and Distances
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Fig. 7. (Top) Mean state trajectories by class before and after training with
MGD on sequential MNIST digits. Qualitatively, it is clear that paths are better
separated post training. (Bottom) Quantifying temporal separability with mean
pairwise inter-class distances of state representations over time. This is a proxy
measure for separability and we see it is improved by training with MGD.

IV. METHODS
A. Simulations

Because training state space models in their recurrent (non-
convolutional) form is not common practice, a codebase has
been developed for this express purpose, and is publicly
available at https://github.com/ryangitsit/recurrent-mgd, with
directions to replicate primary results of this paper.

Simulations of recurrent neural networks can be executed in
a number of ways, with the forward Euler method being the
most straightforward choice and requiring the fewest steps of
approximation. This, and the requirement to broadcast func-
tions over non-trivial structures, make the JAX programming
language a natural choice. A single simulation step directly
follows equations 3 and 4, which can be batched in parallel
over many examples simply by adding another dimension
to input w and output y. Time is iterated over with the
Jjax.lax.scan function and parameter updates are broadcast with
Jjax.tree.map to all parameters at once.

B. Training and Testing

The objective function is applied to the final output of
y(t T) as mapped according to readout C' from the



TABLE III
MGD-RELATED OPERATION SCOPE OF SELECTED NEUROMORPHIC HARDWARE

Hardware On-Chip Local Memory Analog Recurrent RNG Broadcast MGD-RNN Potential
Intel Loihi 2 v’ v’ X v’ v" On/Off Chip v’
BrainScaleS-2 v’ v’ v’ v’ v On/Off Chip v’
SpiNNaker (1 & 2) X v’ X v’ v’ Off Chip v’

final internal RNN state z(¢ = T'). Therefore, the temporal
components of the system are the input signal, the state to
which the input signal is projected, and the state transitions.
This is a typical scheme in SSMs and a reasonable approach
for hardware implementations.

C. PCA and K-Means Clustering

K-Means clustering is used in a typical unsupervised fashion
and accuracy on the test set is derived by optimally assigning
classes to each cluster post-hoc. This is all done as a proxy for
estimating how separable states are in high-dimensional space
in order to quantitatively complement the visual separability
of plotting PCA trajectories, which are themselves averaged
over all state-space-paths for each sample with respect to class
for the entire sequential MNIST dataset.

D. Datasets

The ECG-Anomaly dataset has 5000 samples, each of length
140 ms (and 140 data points), with a roughly even split of nor-
mal and anomalous heartbeats. The full multiclass ECG-5000
includes more resolved classification over the anomalies for
a total of five classes, which are steeply unevenly distributed.
The training set has only 500 samples, and the test set, 4500.
Few shot learning is required on the least-common classes.

E. Learning Rate

Explicit learning rates, and potentially decay, are the most
straightforward to implement in specialized hardware, and
we therefore constrain ourselves to only these techniques
for deriving 7. While it is expected that performance should
improve with optimizers borrowed from machine learning, it is
unreasonable to expect these multifaceted computations to sit
well into dedicated circuits. We instead use the normalization
equation from [27], except for that we count the number of
parameters K according to how many times each weight is
touched for one sample through time. Thus, we set

I=c- VK

+ (K —=1)/7 (%)

n:=1/T (6)
where 0 is the magnitude of perturbation size being used
globally, 7y is essentially batch size, and c¢ is a variable
coefficient, but is almost always set to the number of classes
in the dataset.
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V. DISCUSSION AND HARDWARE

Having seen that SSM-RNNs can be trained with MGD
using only a simple set of operations, minimal iterations,
varying state sizes, and for a large range of hyperparameters,
the question then becomes what tasks can this method scale
to? Given that MGD has been shown to estimate the true end-
to-end gradient for an SSM, it is reasonable to aim for many of
the impressive results and scales produced in SSM literature,
culminating in competitive LLM performance. However, such
results involve kernalized approximations of RNNs (reducing
N2 — N) and are heavily optimized for GPUs, which is
another case of adapting Al to modern hardware. However,
there are an increasing number of efforts to develop hardware
for the explicit purpose of intelligence, and especially brain-
inspired intelligence, in the form of neuromorphic computing.

MGD generally offers a viable path for training uncon-
ventional systems, and the work presented here extends this
viability to RNNs, where neuromorphic computing stands to
shine most over conventional hardware by virtue of natural
recurrence, in-memory compute, and physically instantiated
native activation functions. Table III includes just some of the
forerunners in the neuromorphic hardware field [32]-[34], all
of which host the operations necessary to implement MGD
toward the training of recurrent networks. This list is not
necessarily comprehensive, but rather an example of how to
map hardware features to MGD requirements. Candidate in-
development hardware also exists, such as superconducting
optoelectronic networks [35], [36]. All of the above offer
spiking communication (but not exclusively) and it is therefore
of interest that spiking-SSMs have been shown to outperform
even transformers on long-range dependency sequence tasks
[37], and given that for the selected spiking dynamics surro-
gate functions were sufficient to train the system with BPTT,
it should follow that this spiking architecture has sufficiently
smooth gradients to be trained with MGD on-chip.

A natural extension for future work is to make these
suggested hardware implementations a reality. Even prior to
hardware, further extensions in the simulation domain can
be accessed. Simulated spiking RNN implementations will
advance the coupling of MGD to existing hardware efforts.
Deep SSMs in the large language model domain would also
strengthen the case for scalability. However, as neither RNNs
nor MGD are best suited for simulations, it is of paramount
interest to implement these methods on neuromorphic systems
first and foremost. This may grant access to speeds and scales
previously unattainable, and perhaps not foreseeable. The com-
bination of in-situ training, RNNs, and specialized hardware,



has

not yet been realized and cannot be well mimicked on

conventional computers. Thus, we outline an opportunity to
train RNNs with MGD on-chip, and to potentially fulfill
the promise of neuromorphic advantage with novel forms of
machine intelligence.
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