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Abstract: The brain is efficient, and modern AI is not. This mismatch is a matter of
design. The brain utilizes analog computations distributed across sophisticated organic
network topologies, whereas modern AI implements the backpropagation algorithm on
digital GPUs supported by Von Neumann architectures. There are a growing number of
emerging hardware that implement brain-like networks and operations, but there is not yet
a clear neuromorphic algorithm to match the backpropagation-level performance required
for impactful intelligence. This dissertation explores a number of novel and known candi-
dates to support intelligence in neuromorphic hardware, and culminates in a bio-inspired
learning algorithm that consistently performs within 1% of backpropagation using only
hardware-friendly operations. This result may inform advancements in machine learning,
specialized hardware design, and even neuroscience.
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1

An Introduction to Neuromorphic
Computing

How does natural intelligence arise in the brain? We know that biological systems com-

prise billions of interconnected elements whose locally realized functions are asynchronous,

analog, distributed, and massively parallel. We also know that natural intelligence is real-

ized at a fraction of the energy cost of artificial intelligence (AI), where large numbers of

digital circuits execute discrete operations in lockstep to implement even simple functions.

Neuromorphic computing applies neural computing principles to dedicated brain-inspired

hardware, enabling rich computation and dramatic efficiency gains in emerging systems for

artificial intelligence.

This introduction will motivate the pursuit of neuromorphic computing, provide an

overview its many approaches, and contextualize the contributions of this thesis within

the field at large. For general background, we rely heavily on more comprehensive treat-

ments such as [1–4], while framing this introductory material to prepare the reader for the

original works of this dissertation [5–8].

We begin by introducing and motivating neuromorphic computing in Sec. 1.1 according

to its intersection with machine learning, hardware design, and neuroscience. We

then define the three fundamental features of any neuromorphic system as neuromorphic

functions (Sec. 1.2) organized into a neuromorphic network (Sec. 1.3) that may be

driven toward intelligent computations according to some algorithm for neuromorphic

learning (Sec. 2.4). In our problem statement (Sec. 1.5), rather than asking how intel-

ligence arises in the brain, we instead ask how intelligence might arise in brain-inspired

systems. In Sec. 1.6, we introduce our contributions toward solving this problem, namely

Bio-Inspired Algorithms for Hardware Native Neural Computing.

1
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1. AN INTRODUCTION TO NEUROMORPHIC COMPUTING

1.1 Why Neuromorphic?

Neuromorphic computing stands to advance artificial intelligence in terms of speed, en-

ergy efficiency, footprint, adaptability, and fault-tolerance [3]; all of which may further

permit access to novel forms of neuro-inspired artificial intelligence. These advantages are

enabled by a number of properties that distinguish neuromorphic computing from conven-

tional computing, most notably those of neuro-inspired functions interconnected by organic

topologies, driven to learn by bio-plausible mechanisms, and implemented on specialized

neuromorphic hardware.

The rise of modern computing has scaled Turing-complete machines [9] in the form of von

Neumann architectures (VNAs) [10] on silicon transistors according to Moore’s law [11,12].

This trajectory has enabled the steady amassing of arbitrary compute and has been applied

to a staggering diversity of real-world problems, producing unprecedented value to the

human condition at large. It has therefore been subject to unprecedented investment. On

the other hand, natural (human) intelligence has enjoyed no such abounding support and

has rather been constricted by millennia of evolutionary pressure, pulled taught by two

competing evolutionary advantages, intelligence and efficiency. Natural systems thus tend

toward a balance of intelligence and efficiency [13], while artificial systems have instead

realized supernatural intelligence 1 at the asking price of supernatural inefficiency [14].

Neuromorphic computing seeks to recouple intelligence with the real world by requiring

that computational primitives match hardware primitives such that a circuit, like a neuron,

is not an abstraction but rather intrinsically computational (see Fig. 1.1).

By exploiting physical properties of devices to perform the sorts of operations that co-

alesce into intelligence in the human brain, neuromorphic systems have begun to show

substantial gains in efficiency for the kinds of information processing associated with cog-

nition [15–20]. However, brain-like efficiency does not guarantee brain-like intelligence. A

circuit might closely replicate the generic function of a neuron, but a brain is comprised

of billions of neurons (with thousands of subtypes) and trillions of topologically intricate

synaptic connections, subject to the dynamical symphony of human senses immersed in

the interactive environment that forms a lived experience. Neuromorphic computing makes

no claims to pursue such levels of sophistication, but rather targets the implementation

of neural computing principles on dedicated hardware to advance artificial intelligence.

Embedded within this objective are three lenses through which to view and motivate

1Intelligence here means the advantages accommodated by modern computing generally, including
artificial intelligence.

2
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1.1 Why Neuromorphic?

Figure 1.1: A simplified depiction of networked elements responsible for local computations.
Each element might compute its own unique function according to its own intrinsic physical
properties. We define a neuromorphic system as a network of neuro-inspired functions whose
parameters are subject to some form of bio-inspired learning over time. This definition is
captured above, with the understanding that the function and network are subject to intelligent
adaptations over time.

neuromorphic computing, machine learning, hardware design, and neuroscience. These

perspectives help constrain the problem space of intelligence to more tractable goals.

1.1.1 Machine Learning

Abstractly, an intelligent system would like to learn some mapping F of an input u to an

output ŷ

F : u 7→ ŷ, (1.1)

where this input-output relationship might involve a number of modalities across an ar-

bitrary window of time T . The application space, then, might serve any of the following

relationships over whatever interval of time

F :



image
sound
signal
visual
text
state


0:T

7→



image
sound
signal
visual
text

action


0:T.

(1.2)

Mapping one or many of the above input elements to the above output elements should

be self-explanatory in terms of utility, defining arbitrary application space. The greater

question is how to learn such mappings?

3
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1. AN INTRODUCTION TO NEUROMORPHIC COMPUTING

We thus introduce a general (and commonplace) notation for defining any neuromorphic

system as a state machine that learns to map some input u to an output ŷ as governed by

state transitions

xt+1 = f(xt, ut; Θ) (1.3)

where xt+1 is the state of the system at time t+1 as produced by the set of functions f(·)

(usually a network of functions) that transition the system according to the the previous

system state and input at time t, given the set of all learnable parameters Θ. The output

of the system is given by the readout map g(·) such that

ŷ = g(x). (1.4)

While there are some unsupervised methods that may learn useful mappings F naturally,

neuromorphic computing (and AI generally) tends toward some form of task supervision

in order to enforce the sorts of useful things a system might learn. Performance on some

intelligent task can be defined as

L(ŷ, y; Θ), (1.5)

where L is a loss function, such as L2-norm, and y is some target output value, such as a

correct label given some input image u. Supervised methods allow a system to be guided

iteratively toward some desired mapping by algorithmically adjusting learnable parame-

ters Θ. We examine neuromorphic algorithms and loss minimization via gradient descent

in greater detail in Sec. 2.4. Suffice it to say here that these common machine learning

framings of desirable input-output mappings being realized through learnable parameters

within a network of functions all translate directly to neuromorphic computing, and there-

fore the goals and possibilities of ML are considerably united with those of neuromorphic

computing.

1.1.2 Hardware Design

As aforementioned, dedicated circuitry that exploits physical hardware properties for native

computations and communication offers considerable advantages over traditional Von Neu-

mann architectures. The degree to which a specialized hardware may leverage these prin-

ciples over traditional methods varies and thus neuromorphic hardware is usually parsed

into three categories accordingly: digital, analog, and mixed signal.

4
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1.1 Why Neuromorphic?

1.1.2.1 Digital Hardware

Moore’s law [11] has seen unparalleled resource attention toward the advancement of in-

creasingly compact transistor-based digital computing devices. While we have already

introduced some motivation for dedicated analog circuits in neuromorphic computing, it

is reasonable to expect that leveraging the existing infrastructure for laying out digital

hardware toward specialized neuro-inspired digital devices is a path toward tangible near-

term neuromorphic results. Indeed, some of the most scalable and accessible neuromorphic

systems are based on digital transistors with specialized systems for low-bit, parallelisable

communication [15–18]. By limiting communication overhead to sparse low-bit spiking

events and communicating according to address event representation (AER), where spe-

cialized routing networks serve up spiking events according to neuron addresses in a graph,

neuromorphic benefits can already be realized without needing to adopt novel computing

substrates. AER avoids the von Neumann bottlenecke by communicating asynchronously,

promoting speed, parallelism, and energy efficiency. These gains are moreover supported

by local computations, and the sparsity of spiking events in time. A number of useful

applications on such systems have already been realized [15,16,18,21–28].

1.1.2.2 Analog and Mixed-Signal Neuromorphic Hardware

Analog hardware [19,20,29,30] employ time-continuous physical dynamics to model neural

and synaptic operations rather than digital abstractions. Many such systems still incor-

porate digital infrastructure for communication and management, such as AER communi-

cation, which are then referred to as mixed signal hardware. Transistors, capacitors, and

resistive circuit elements all approximate neuron-like computing operations by virtue of

their natural physical properties. Therefore, a neuron can be realized as a direct physical

simulation rather than as an approximation in digital space. This permits considerable

gains in speed and energy efficiency for certain operations. In particular, leaky-integrator

computing elements (see Sec. 1.2.2) naturally lend themselves to physical simulation by

LR circuits, allowing for temporal dynamics to be realized directly rather than according

to a computationally cumbersome simulation by discrete-time numerical integration.

Some systems such as BrainScaleS [19] and Neurogrid [20] utilize considerable digital

intermediaries to realize neuromorphic computations. Other, in development, systems

such as superconducting optoelectronic networks (SOENs) [31,32] propose little no digital

intermediaries, relying instead on analog circuits for integration and photonic events for

communication. By departing from the proven reliability of digital systems, such ambitious

5
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1. AN INTRODUCTION TO NEUROMORPHIC COMPUTING

hardware projects stand to incur unprecedented gains in speed and efficiency by forgoing

digital latencies entirely and fully exploiting the exotic nature of novel circuit elements for

computation.

1.1.3 Neuroscience

Machine learning and computing hardware are some of the biggest concepts in technology

today, their link to neuroscience only tenuously bound by the name “neural network,” but

for neuromorphic computing, inspiration drawn from neuroscience, and insights lent to

neuroscience, are fundamental to the field. A human brain and a large language model

(LLM) both retain convincing language abilities. One consumes the yearly energy budget

of a small city to train, and the other about one fifteen-thousandth of that [14]. We are

thus motivated to ascertain what biology has mechanistically discovered to implement in-

telligence. Neuromorphic computing adopts the key computational primitive of the brain,

such as synaptic weights and discontinuous spiking activations, as well as key principles,

such as parallel in-memory distributed compute over large networks of heterogeneous con-

nectivity patterns, to design novel computing systems that offer brain-like gains in energy

efficiency. Moreover, the task of engineering a neural computing system sheds consider-

able light on the capabilities of the brain and can even inform on the sorts of intelligent

computing mechanisms we might find there within.

We formalize biological neural computation in terms of four fundamental components:

state dynamics, event-based communication, network connectivity, and synaptic adapta-

tion, all of which are realized as instantiations idiosyncratic to the brain, but which are

adaptable to hardware and computational design. We have already hinted at the dynam-

ical properties of neuro-inspired systems in Equation 3.1, which in neural computation

might be characterized as
dvi(t)

dt
= F (vi(t), Ii(t)) (1.6)

where vi(t) corresponds to the membrane potential of the ith neuron in a network at time

t, evolving according to the influence of its own state and incoming ionic current I. The

functions, network topology, and temporal adaptations remain to be introduced, and will

be addressed in the next three sections respectively as the defining characteristics of a

neuro-inspired computing system. We will see how each of these features can be defined in

terms of their role in machine learning, hardware design, and neuroscience simultaneously.
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1.2 Neuromorphic Functions

Abstractly, a neuromorphic function is defined by the input/output relationship occurring

at some node in a network, such that for any input x, we have the output a(x). In the ma-

chine learning context, we can simply think of this as an activation function. In hardware

terms, this will be a physical circuit with some I/O relationship, and in neuroscience, this

would usually be a neuron (or a component of a neuron, like a dendrite). See Tab. 1.2 Gen-

Framing Neurmorphic Function Example (LIF neuron)
Machine Learning xit+1 = f(xit , uit ,Θi)

dV (t)
dt = ...

Hardware Design physical computing circuit RC circuit + thresholding element
Neuroscience Corresponding neural element Leaky-integrate and fire neuron model

erally, we will think of neuromorphic functions as those which are not sensibly reducible in

any of these framings. For example, in the SOENs hardware context, fluxons contribute to

an accumulation of flux in a in an LR circuit, but are not treated individually with respect

to neural computation, because they are subsumed into an integration process. Therefore,

the rate of flux quanta production defines the activation function rather than the JJs that

produce them. Hardware tend to implement some physically constrained, noisy version of

the ML abstraction of an activation function, and some over-simplification of the biological

sophistication of a neuron. The final product may fall on a wide scale of complexity, and

we will here list a typology of the most common neuromorphic functions.

1.2.1 McCulloch-Pitts

Early success in neural networks for machine learning implemented McCulloch-Pitts (MP)

neurons [33] in the context of Rosenblatt’s multilayer perceptron (MLP) [34]. The idea

underpinning this implementation is that the activity of a neuron in time might be reducible

to a single scalar value for a given input x such that

aj(x) = aj(zj) = f
( N∑

i=0

wijxi

)
(1.7)

where N is the number of input weights, j is the neuron index in question, a is that neuron’s

activation, f(·) is some (usually nonlinear) function. Time is not encoded in MP neurons,

unless explicitly treated in the context of recurrent neural networks (see Sec. 1.3). It is

instead assumed that the scalar value a is the activity that a network of settle to for a given

input and parameter set. Without time, linear activations are insensible because a deep
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1. AN INTRODUCTION TO NEUROMORPHIC COMPUTING

network of neurons could be collapsed to a single layer [35–37]. It is therefore the nonlinear

activation that give a deep network meaningful texture. Many activation functions have

been adapted by MP neurons for context-dependent reasons like computing efficiency or

computing sensitivity. MLPs commonly employ rectified linear units (ReLu) [38], given by

f(x) =

{
0 if x ≤ 0

x if x > 0
(1.8)

for intermediate layers because this function is efficient to compute. Sigmoid activations,

given by

aj(z) =
1

1 + e−z
, (1.9)

are commonly used in output layers to produce probabilistic predictions that pair naturally

with cross-entropy loss, improving gradient sensitivity during learning [35, 39, 40]. The

hyperbolic tangent (tanh) [41] function is a less common activation for MP neurons, but

we will make mention of it here because it is later utilized in this dissertation’s original

δ⃗-MGD algorithm [8] for its characteristic symmetry about zero (see Fig. 1.2) given by

a(z) =
ez − e−z

ez + e−z
. (1.10)

This symmetry will be required by an absolute thresholding operation in δ⃗-MGD that

should treat excitation and inhibition equally, and so we encounter a case where an activa-

tion function might be selected for its unique response features. Other common activations

for MP-neurons include Leaky ReLu [42], expontial linear unit (ELU) [43], Gaussian Error

Linear Unit (GELU) [44], all visualized in Fig. 1.2.

In machine learning, these activation functions are simply abstract mathematical func-

tions. In hardware, these tend to be efficiently realized by vector-matrix multiplications

(MatMuls) on GPUs. In the neuroscience context they are meant to approximate neurons

that have reached some steady activation state over some input.

1.2.2 Leaky-Integrate and Fire

Increasing in complexity, and (marginally) toward biological realism, we now move on to

those activation functions that naturally encode time in the form of spikes, which can be

thought of as an instantaneous impulse arriving to, or emitting from, the neuron at a

particular moment in time. The leaky-integrate and fire (LIF) neuron integrates incoming

spikes into a membrane potential V that is itself leaking according to some time constant

τm, and fires [45] spiking events [46] to downstream neurons whenever some threshold Vth

8
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Figure 1.2: Common MP-neuron activation functions for like inputs. Different functions
display different sensitivities over different input ranges. For example, the ReLu functions
treats all values below zero equivalently, while sigmoid function flips inflections at the zero
point. Only the tanh activation function preservers symmetry about zero across both input
and output.

is reached before resetting its membrane potential to zero. We are thus given typical LIF

neuron dynamics (excluding hyperparameter variations) according to

τm
dV (t)

dt
= −V (t) +Rm · I(t)) (1.11)

s(t) = Θ(V (t)− Vth) (1.12)

Θ(x) =

{
1 if x ≥ 0

0 if x < 0
(1.13)

s(t) = 1 =⇒ spiking event;V = 0 (1.14)

where membrane potential V natural leaks by way of the −V (t)/τm term, integrates input

current I(t) according to Rm/τm = Cm, and spikes when V = Vth by way of the Heaviside

function Θ (not to here be confused with learnable parameters), which produces 1 only

when its input is nonnegative, resulting in a spiking event where V is reset to zero and

all downstream neurons receive an integrateable impulse of current. This superposition of

perspectives is indicative of elements like the LIF neuron that so naturally traverse these

three domains.

Populations of spiking events can encode arbitrary information, such as speech, vision,

and abstract signal values, through temporal, rate-based, or population coding mechanisms

[46, 47]. These information-rich impulses are integrated into a neuronal activation value

according to some weight associated with the unique path of that spike source with the
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H

Figure 1.3: Leaky integrate and fire neuron model: A neuron receives synaptically weighted
input spikes (upper left), that may represent arbirtray information domains (lower left) and
are integrated over time as membrane potential V against some leak rate and subject to fire
at some threshold Vth (lower right) according the LIF update equations (upper right).

neuron in question (see Sec. 1.2.5). This integrated value is associated with the membrane

potential in terms of biology, a real number in terms of computation, and a voltage in

terms of hardware (see Tab. 1.2). In all cases, this value is subject to a continuous leak in

time according to some leak term. The result of these mechanisms together is a functional

element which integrates weighted input encoded in time in contention with a temporal

decay.

There is some debate about which of these encoding mechanisms is most key in terms of

computation. The difference in spike time arrival [48], the delay between spike source and

integration [49], the rate at which spikes arrive [47], all encode information about input and

will affect the nature and time of neuron output. Here we see the capabilities of LIF neu-

rons sharply rise when considered in a networked setting. The output of a neuron is itself

a spike whose timing is determined by the moment integrated membrane potential reaches

a threshold value Vth (see Fig. 1.3). Upon meeting with this value, the neuron (usually)

depletes all membrane potential and sends a spiking event to all downstream neurons to

which it is connected according to some network topology (see Sec. 1.3) which themselves

will receive the spiking events accordingly to uniquely weighted synaptic connections. Thus
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1.2 Neuromorphic Functions

the neuron receives time-encoded spiking information with numerous possible key sources

of processable information (timing differences, delays, rate, etc) before itself passing along

this processed information to a network of other such elements, some of which may even

feed back onto the source neuron by way of recurrence. The surprising complexity which

may consequently emerge form a spiking neural network (SNN) gives rise to considerable

interest in the question of how to realize intelligence in neuromorphic systems. We will

shortly examine more biologically plausible neurons that harbor greater sophistication,

which are of considerable significance to fields like computation neuroscience, but neuro-

morphic computing often focuses first on LIF neurons [18, 24], for their already powerful

complexity in networks, and efficiently realizable operations in hardware.

1.2.3 Hodgking-Huxley

At the far end of common neuron models in terms of biological realism, the Hodgkin-

Huxley neuron [50] has remained the gold standard in computational neuroscience since its

conception in 1952, whereby measurements were taken of a giant squid axon (both giant

squid and giant axon) to derive a system of equations roughly governing neuron dynamics.

Where the leaky-integrate and fire neuron is described by one ODE, the Hodgkin-Huxley

neuron is implemented according to four coupled ODE’s. Like the LIF, we assume some

external driving current Iext integrating into a membrane potential V , save for now there

are three additional current sources to consider (INa, IK , IL), each with their own dynam-

ical properties, and a membrane capacitance CM , such that membrane potential is given

by

CM
dV

dt
= Iext − (INa + IK + IL), (1.15)

where current terms correspond to ionic channels that determine the polarization of the

cell. While sodium current (INa) depolarizes the neuron, potassium current (IK) repolar-

izes, and some leak current (IL) maintains the resting potential of the cell. Polarization

here corresponds to the negativeness of the cell membrane potential. Intuitively, sodium

ions are flowing into the cell while potassium ions flow out, both affecting total charge, and

in the presence of a general current leakage. When an external stimulus drives the mem-

brane potential to a certain threshold, the sodium channel suddenly floods, and a runaway

increase in membrane potential drives the cell to a high voltage before the cell realizes a

spiking event across its network of downstream neurons (see Fig. 1.4). This mechanism is

called the action potential and is the biological process by which a neuron fires.
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Figure 1.4: Hodgkin-Huxley neuron dynamics: We see here that integration and action-
potential dynamics (upper plot) are more sophisticated than in LIF neurons due to the in-
fluence of multiple ionic channels (lower two plots) on membrane potential according to Eq.
1.15.

As aforementioned, the Hodgkin-Huxley model surpasses commonly targeted levels of

sophistication for neuromorphic computing. It does, however, have a corresponding circuit

model that ensures of the same strong overlap between biological neural mechanisms and

operations realized in physical circuitry, all of which may be distilled to simple compu-

tations given by coupled ODEs [51, 52]. We have therefore included this model in our

literature review to highlight the fundamental coherence between machine learning com-

putations, hardware design, and neuroscience. It is also worth making mention that such

biological sophistication is extremely expensive to simulate digitally (another reason why

ML may have avoided such comprehensive models), whereas physical circuits may naturally

implement these function to realize the same computations, again motivating systems of

dedicated circuits which may illuminate previously infeasible simulation methods in com-

putational neuroscience.

1.2.4 Dendritic Models

Thus far, we have treated neurons as point neurons which execute functions given some

underlying equations, and have ignored the distinct morphologies that may decompose the

neuron-wide functions into smaller submodules. Dendrites [51, 53–55] refer to branches of
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1.2 Neuromorphic Functions

neurons that may receive input from numerous weighted synapses, and perform their own

leaky-integration operations, before feeding into the true cell-membrane potential of the

soma (the cell body of the neuron that is governed by the threshold-and-fire dynamics

as discussed in Sec. 1.2.2) according to some local weight. Dendrites, among other spa-

tiotemporal operations, preserve information even after the neuron fires due to their own

local integration values. This may afford interesting opportunities for computations across

time because a history of neuron activity (with encoding corresponding to unique synaptic

pathways) is preserved even after the action potential event.

1.2.5 Synaptic Models

We now arrive to the connective tissue of a neural network that straddles the role of a

function and a topological entity. In its simplest form, a synapse can be thought of as a

simple linear operation where fsynaptic(x) = wsynaptic·x. This trivial computation, en masse

and on the order of trillions, form the astounding complexity that is information flow in the

human brain. Without synapses, information does not flow from one element to the next,

and thus the brain does not compute. In fact, in artificial neural networks (ANNs), ranging

from simple MLPs all the way up to gargantuan transformers, it is synapses through

which model training is encoded. This is because it is this weighted information flow that

permit the computational uniqueness of these often otherwise static architectures toward

representing an array of solutions to a high-dimensional objective function, contributing

significantly to model capacity of the network [35–37]. We will address these properties

further in Sec. 2.4 (on learning in neuromorphic networks), but will first preface learning

by a further biologically-observed extension often implemented to a synaptic model in both

simulation and hardware.

While a synapse may compute an instantaneous linear operation, it has been shown that

in biological systems this weight may also be subject to evolution over time according to

synaptic activity [56] (see Fig. 1.5). Spike-timing dependent plasticity (STDP) [57,58] real-

izes a straightforward synaptic process over time by modulating synaptic strength (weight

w) according the correlation of firing between the pre-and-post-synaptic neuron. If the

presynaptic neuron fires just before the postsynaptic neuron, the stimulus-driven correla-

tion is assumed to be strong and the weighted connection is strengthened. If firing is out

of order, the connection strength is weakened. This simple mechanism has been accounted

to contribute to homeostasis, network sparsity, and unsupervised learning, posited biolog-

ically [57], demonstrated in simulation [59], and implemented in hardware [17, 18]. Thus

we see that intelligently adjusting network connection strengths over time can underpin
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intelligence. Modulation of synaptic excitability is also subject to processes such as short-

term synaptic plasticity (STSP) [60], neuromodulation [61, 62], and even network-activity

informed modulations moderated by astrocytic subnetworks [63], all of which segue well

to our subsequent sections on networks (Sec. 1.3) and learning (Sec. 2.4).

1.3 Neuromorphic Networks

The arrangement by which functional elements connect to each other determines the flow of

information through a network, and therefore the system-wide input/output relationship.

In machine learning, this is referred to as topology, in hardware design it is a physical

structure (though sometimes abstracted, as we have seen with AER communication), and

in neuroscience it is usually defined according to synaptic connectivity.

Network form gives rise to the nature of computation flow as well as information locality,

both of which have considerable impact on hardware design and learning methodology. We

will here introduce a typology of topologies and consider their implications on hardware

design, machine learning, and neuro-plausibility.

1.3.1 Feedforward Neural Networks

1.3.1.1 Multilayer Perceptrons (MLPs)

Early machine learning success in neural networks resulted from the application of MP-

neurons organized into a layered network (often called MLPs or ANNs), whereby informa-

tion flows according to a directed acyclic computational graph (DAG) from the input u

to some output ŷ across layers {L0, L1, ..., LK}. Unlike most neuromorphic networks, this

information flow and neuron type results in a system that does not depend on previous

states of the network. This is by virtue of that MP-neurons encode no temporal informa-

tion, and that there are no cycles in the graph through which past information may recur.

We therefore contrast the time independent mapping F : u 7→ ŷ

F(u; Θ) = ŷ (1.16)

with our general neuromorphic state machine

F(ut, xt; Θ) = ŷt. (1.17)

The two are equivalent in the case where time t = 1 and xt is time-invariant. Function-

ally speaking, we can decompose F into layerwise functions such that each set of hidden
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Figure 1.5: Spike-timing dependent plasticity (STDP), utilizes only information locally avail-
able to the site of synaptic connection (upper diagram) to invoke an update to synaptic weight
w according to correlation in the temporal ordering of spiking events given by tpost − tpre to
realize unsupervised learning that improves representational quality over the network input
distribution.
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activation values h(k) at some later Lk is computed according to a layer specific activation

function ϕ(k)

h(k) = ϕ(k)
(
W(k)h(k−1) + b(k)

)
(1.18)

where the set of layer-specific learnable parameters Θ(k) is given by weight matrix W(k)

and bias vector b(k)

Θ(k) = {W(k),b(k)}, (1.19)

with the first layer being equivalent to the input

h(0) = u (1.20)

and the output being given by activations at the final layer LK .

ŷ = h(K). (1.21)

Thus we have a set of functions organized in a feedforward graph that map input-to-output

u 7→ ŷ.

1.3.1.2 Dendritic Trees

A feed forward network need not be temporally independent. By definition, leaky-integrators

always encode some history of past states according to their leak rate. Dendrites can be

computationally defined as temporally dependent leaky-integrators (see Sec. 1.2.4) with

weighted feedforward connections within a tree structure. Tree graphs are also DAGs, but

with the additional clause that no element has more than one parent element. This tree

will eventually terminate into a single root node from any amount of leaf nodes (all of

which will contain one path to the root). In dendritic arbors, information flows backwards

from leafs (synapses) to root (soma). In this configuration, a dendrite will not only depend

on the state weighted sum of upstream activation values, but also on its own previous

state, such that for a kth dendrite with some N parent dendrites, we have

ait+1 = f

(
N∑

n=0

Wn · ant , ait

)
(1.22)

where f(·) here can be a simple summation or even a nonlinear interaction, such as with

SOEN’s dendritic elements.
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1.3.1.3 Spiking Feedforward Neural Networks

Further temporal nuance in feedforward neural networks can be realized through discontin-

uous spiking functions. Many performant spiking neural networks (SNNs) adopt a simple

MLP structure [64], needing only to adopt equation 1.18 with the added requirement that

f(·) is now a discontinuous spiking function. Such networks have managed reasonably

strong performance on temporal tasks such as the spiking Heidelberg-digit dataset [65],

with temporal encoding being subject to only feedforward operations and past-state de-

pendence.

1.3.2 Recurrent Neural Networks

Another natural way of temporal processing in neural networks is the application of tempo-

ral input u0:T to a network defined by a computational graph that contains cycles. The key

insight here is that a network state will then depend on previous network states because

information may now flow from one neuron back onto itself. This mechanism for represent-

ing temporal features may be coupled with temporally independent activation functions

(MP-neurons) as well as temporally dependent activations (leaky-integrators, LIFs, etc).

We address these network types in order of activation complexity. Note that the computa-

tional graph defining a recurrent network of N neurons is typically given by an adjacency

matrix A ∈ RN×N where some matrix element Aij defines a connection between the ith

and jth neuron.

A =


A0,0 A0,1 ... A0,N

A1,0 A1,1

...
AN,0 AN,N

 (1.23)

Adjacency matrices are also referred to as transition matrices because they define how

system evolves from one state to the next.

1.3.2.1 State Space Models SSMs

Recurrent temporal processing can be idealized over some sliding window using only linear

activations by projecting input onto a system of basis vectors defined by high order poly-

nomials. The state can then encode a lossless representation of recent input history under

ideal linear system assumptions. Both Legendre memory units (LMUs) [66] and high-order

polynomial projection (HiPPO) [67–69] employ this trick. For example, LMUs realize a
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Legendre representation of past signal in state space activations by defining input mapping

B and transition matrix A according to Legendre polynomials

Aij = (2i+ 1)

{
−1 if i < j

−1i−j+1 if i ≥ j
(1.24)

Bi = (2i+ 1)(−1)i, (1.25)

resulting in the repeated application of these terms over time, and therefore realizing poly-

nomial orders at specific neurons. Activations produced are thus equivalent to coefficients

of a Legendre expansion over past input up to that order. It is the repeated application of

linear multiplication terms over input and past states that results in temporal processing,

permitting some simple readout map C on state activations x0:T to be learned accordingly

for prediction and classification tasks given input signal u0:T . Thus the entire system can

be defined by

ẋ = Ax + Bu (1.26)

ŷ = Cx. (1.27)

evolving only according to simple networks of linear operations.

1.3.2.2 Reservoir Computing

A recurrent network need not be structured according to some principled scheme. Reservoir

computing rather utilizes randomly initialized transitions matrices that permit the projec-

tion of input to higher dimensions (similar to a kernel trick), enabling more trivial and even

linear readout maps to learn prediction and classification tasks on temporal signals. Echo

state networks (ESNs) [70] utilize MP-neurons, while liquid state machines (LSMs) [71]

use LIF neurons. It is worth noting that such networks may in particular benefit from neu-

romorphic hardware, which can physically instantiate nonlinearities and recurrence across

time without necessarily having to compute N ×N matrix multiplications.

1.3.3 Other Networks

Convolutional neural networks (CNNs) [72] and transformers have emerged as the

gold standard of modern AI. While the CNN may have some correspondence to the vi-

sual cortex, neither is strongly neuro-inspired and both would merit lengthy introductions

themselves. The final work of this dissertation makes use of both network types for pre-

liminary results [8] as proof of concept of the presented algorithm, but neither networks

are essentially neuromorphic and will thus not be introduced here.
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Astrocytic networks are only recently emerging in the neuromorphic literature [63],

but can be thought of as auxiliary networks that intelligently modulate synaptic excitability

of some other network (whatever the architecture), in something like a three-factor learning

scheme [63,73–75]. Astrocytes can interact with millions of synapses simultaneously [76,77]

and are more ubiquitous than neurons in the brain.

1.4 Neuromorphic Learning

A neuromorphic system, composed of a network of neuromorphic functions, realizes some

global input-output relations u 7→ ŷ, where a network stimulus u produces some externally

discernible affect ŷ on network activity. At initialization of this network of functions, this

mapping is very unlikely to represent any meaningful connection, and yet neural networks,

both artificial and biological, are known to yield extremely intelligent behavior. What do we

here mean by intelligence? As stated at the outset of this review, the goal of neuromorphic

computing is to realize gains in artificial intelligence. To achieve an end such as this, it

best be well defined, and indeed a well-founded target for intelligent behavior is necessary

for a neuromorphic system (or any AI) to produce any useful results. Learning to represent

an intelligent input/output mapping u 7→ ŷ with a set of learnable parameters Θ by way

of some algorithm A presupposes a few things.

1. The mapping task must be well-posed, such that shared information I between input

and target is greater than zero,

I(u; y) > 0 (1.28)

implying that there should exist some (set of) function(s) f∗ that can reliably map

the input into some range of the output. Thus,

∃f∗such that y = f∗(u) + ϵ. (1.29)

2. That the intelligent system in question has sufficient model capacity to represent this

mapping, which is to say that within the space of mappings realizable by the set of

learnable parameters HΘ, there exists this mapping,

f∗ ∈ HΘ. (1.30)

3. Only if conditions 1. and 2. are met, might we endeavor to determine if there exists

an algorithm A that can navigate parameter space toward a set of parameters Θ∗

that realize an acceptable solution to the learning task, such that

A : Θ→ Θ∗. (1.31)
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It still remains to articulate what is meant by a solution to an intelligent task and what

is meant by an algorithm. The only way to measure (and therefore inform toward im-

provement) the intelligence of a system is to define a problem that is (1) well-posed for a

system that (2) has sufficient model-capacity, and (3) observe its ability to learn solutions

to this problem. Learn here must imply improved solution-finding ability over time given

experience with the problem. We therefore might distill a measurement of intelligence

to the ability of a system to learn. Borrowing terminology and phrasing from [78], we

might more generally state that intelligence is the measure of a system’s ability to improve

performance on a learning task as a function of experience.

A learning task can take on many forms. In biological systems, the most fundamental

learning task is to survive and reproduce. This task is implicit in living systems, because

only those that accomplish these ends will continue to exist. This broad task of course

decomposes into more tractable sub-tasks, how to fuel the metabolic demands of this body

→ how to feed this body → how to attain nourishment → how to identify edible berries

→ how to classify different berries found in a forest? While designers of AI might like to

realize such hierarchical reasoning in their systems, AI tends to first confine itself to the

tip of this iceberg – a well defined input-output mapping, learned through experience; i.e.

learning to classify berries through experience (visually, olfactory, gustatory).

Common machine intelligence tasks are classification, regression, prediction, generation,

clustering, representation, detection, segmentation, compression, and control, which may

span across arbitrary input-output modalities. Fundamentally, the question is, can we

induce experience of some input u to improve performance measured by some output ŷ

with respect to a given learning task such as those listed above.

In most cases, these tasks are best accommodated through a supervised learning scheme

whereby a performance measure is straightforwardly realized in a loss function (Eq. 1.5)

that punishes dissimilarity between the measured system output ŷ (edible berry) and de-

sired output y (inedible berry), which might be measured along a number of dimensions

(goodness of taste, ensuing belly ache, L2-norm against a one-hot-encoded edibility label,

etc). However, in an unsupervised scheme, performance on a task might correspond to the

quality of representations over an input distribution, which may involve direct measure-

ment (k-means clustering) or not (STDP). In either case, this experience of input u ought

to inform some update over learnable parameters

Θt+1 = A(Θt, x, u) (1.32)
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according to a learning algorithm A such that expectation of performance (whatever the

measure) is improved
d

dt
E[performance] > 0. (1.33)

Neuromorphic systems employ both supervised and unsupervised learning algorithms, and

we will introduce example of both here, but modern AI is dominated by supervised gra-

dient descent which we will also posit as an essential asset to neuromorphic computing.

We will claim, however, that the foremost of modern AI learning algorithms for gradient

descent, backpropagation, is ill-suited for neuromorphic systems because it is fundamen-

tally mismatched for implementation in dedicated physical circuits (biological, electrical,

and otherwise). Thus, we will introduce the primary aim of this dissertation; Bio-Inspired

Algorithms for Hardware-Native Neural Computing.

1.4.1 Unsupervised Learning

As we have stated, intelligence requires learning, and learning is an improvement of perfor-

mance on some task as a function of experience in some environment. In an unsupervised

setting, this can most generally be defined as an improved representation of the environ-

ment.

By representation, we mean the sorts of states x (and thus outputs ŷ) corresponding to

inputs u as produced by the mapping of Eq. 1.17. The key property of an unsupervised

scheme is that updates to learnable parameters Θ, according to Eq. 1.32, are not driven

by target values y, but rather only inputs, internal states, and sometimes outputs.

1.4.1.1 Hebbian Learning and Local Plasticity

The most common neuromorphic mechanism for unsupervised learning is Hebbian learn-

ing [49, 56, 58, 79–82], which has already been prefaced as local synaptic mechanisms in

Sec. 1.2.5, but we will here linger on a few properties integral to the intelligence of these

methods. By realizing long term potentiation (LTP) and depression (LTD) according to

correlations of spiking activity with input, increasingly distinct representations are natu-

rally learned as function of fundamental features encoded in input [57], thereby increasing

the separability of input in representation space. Famously, [59] leverage this to perform

classification of MNIST digits using only unsupervised STDP on a network of spiking

neurons, and an additional (also unsupervised) clustering readout.

A favorable feature of Hebbian learning methods is that information required for the pa-

rameter update is available locally at the site of that parameter. A synapse is definitionally
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connected to its pre-and-post-synaptic elements, and therefore is well disposed to make use

of pre-and-post-synaptic information for a local update. Local information thus lends itself

well to circuit design, where update circuits can be collocated with learnable parameters,

never requiring the transport of information globally. This feature promotes distributed,

in-memory operations that enable powerful parallelism in hardware design. Hebbian meth-

ods are indeed well-realized across neuromorphic implementations [15, 19, 59, 83]. Local,

unsupervised learning methods are also often paired with some supervision given by a

global broadcast of reward signal, akin to neuromodulation. When a learning algorithm

moderates local pre-and-post-synaptic-defined updates with this third supervisory influ-

ence, we have what is called a three-factor rule [61, 62]. This can be a favorable hybrid

learning approach in hardware because a global broadcast from some supervised loss circuit

to all learnable parameters is topologically more trivial than feedback pathways through a

network.

1.4.2 Supervised Learning and Gradient Descent

As we have already introduced, a supervised learning objective is most commonly defined

according to a loss function, also known as an objective function. For some intelligent

task that wishes to maximize expected performance on unknown data, it is appropriate to

minimize loss on known data (training data), notwithstanding the phenomenon of over-

fitting [35]. By defining target values y (such as one-hot-encoded classification labels) for

all N training samples, there is some set of learnable parameters Θ∗ that minimizes error

across all training examples, such that

Θ∗ = argmin
Θ

L(Θ, u, y). (1.34)

The job of the learning algorithm, and the crux of intelligent information processing,

becomes how to find Θ∗ among all possible Θ (Equation 1.31). For systems with high-

dimensional sets of learnable parameters, which are essential to sufficiently represent so-

lutions to complex learning tasks, this space is computationally intractable to search ran-

domly. Finding Θ∗, therefore, requires some bearing on the solution landscape. Knowledge

of the local gradient in parameter space with respect to the objective function provides

directional information toward better solutions given a specified point in parameter space

Θ ∈ RN . The gradient element ∇i with respect to loss for any given parameter is given by

∇i =
∂C

∂Θi
, (1.35)
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1.4 Neuromorphic Learning

Figure 1.6: Stochastic gradient descent udpates parameters (visualized here in the flat x-y
plane) to minimize some loss on an objective function (here the vertical axis), which should
result in improved performance on some intelligent task (here image classification).

which answers the question, how do small changes in parameter Θi affect the result of the

global loss function, where C = L(Θ, u, y). Parameters may thus be updated according to

Θi ← Θi − η∇i. (1.36)

where η is a learning rate hyperparameter. This simple update drives parameters in the

direction of steepest descent on the loss landscape, and toward loss minimization. Known

as stochastic gradient descent (SGD) [84] (see Fig. 1.6), this update is the foundation for

much of supervised learning in AI and ML. The key value in this scheme, however, is non-

obvious to attain. The change in cost C with respect to each of the learnable parameters

in Θ, is the gradient of gradient descent, and it does not come for free. We next outline

various methods for calculating the gradient, both analytically and empirically, which

match physical computing operations with varying degrees of efficiency and feasibility.

1.4.2.1 Gradient Descent Off-Chip

A Turing complete VNA can commit arbitrary computation so long as the expense of digital

abstraction is readily paid. Thus, if a specialized hardware designer is willing to compute

the gradient of a learning objective off-chip (ex situ) and instead on a traditional computer,

then arbitrary computations are available to avail themselves of. This is the argument for

weight-transfer and hardware-in-the-loop learning schemes, both of which calculate the

gradient and appropriate parameter updates with traditional computing methods, thus

exposing themselves to the limitations of the von Neumann bottleneck during training in
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the hope of fully capitalizing on specialized neuromorphic hardware alone in the inference

phase.

Why make this trade off? The answer is simple: backpropagation [85]. The backpropa-

gation algorithm Abp is the backbone of all learning in modern AI, across network architec-

tures, neuron types, and task domains. The reason for its might is straightforward. For any

continuous set of networked functions, backpropagation explicitly calculates the exact an-

alytic solution to the gradient with respect to the objective function. For high-dimensional

learning problems, this exactitude proves to be paramount in supervised learning schemes,

and is achieved simply by repeated application of the chain rule backward across the com-

putational graph, starting from the cost C and working its way through every parameter

element Θi.

Remembering that for a simple MLP network, we have

z(l) = W(l) · a(l−1) + b(l)

a(l) = ϕ(l)(z(l)).

The local chain-rule derivatives with respect to cost C are thus

∂C

∂b(l)
=

∂C

∂z(l)
:= δ(l) (1.37)

∂C

∂W (l)
= δ(l)

(
a(l−1)

)T
(1.38)

where bias parameter gradients are equivalent to the local derivative δ(l) at the neuron, and

weight parameter gradients are equal to upstream activations multiplied by local (bias)

gradients. If memory and computation diversity are non-limiting, as is ideally the case

with VNAs, these values can be computed for any continuous network, even across time.

Backpropagation through time (BPTT) [86] simple treats time-continuous networks, such

as RNNs, as a sequence of functions unrolled in time, and likewise readily computes the

gradient with the chain rule.

If backpropagation can compute arbitrary gradients analytically, then is our search for

neuromorphic algorithms complete? There are a number of properties in backpropagation

that render it irredeemable in dedicated physical-compute systems, sequestering it as only

viable by traditional computing methods, which at best may be hybridized with physical

compute.

Problem 1: Backpropagation is widely considered biologically implausible because trans-

porting changing weights backward through the graph is topologically intractable. This
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challenge is coined as the weight transport problem [87]. Unlike local learning methods

such as STDP, backpropagation requires dynamical meta network information, like weight

values, to be transported backward across the network, which is fundamentally unnatural

according to dedicated physical functions and communications.

Problem 2: Not all functions are continuously differentiable. Spiking activation func-

tions, namely, are discontinuous and thus backpropagation immediately falls away from

many neuromorphic advantages in terms of speed and energy savings.

Problem 3: For every computation in a system that leverages distributed, physical, in

memory compute, there must be circuits that can naturally implement this computation as

a function. The greater the diversity of required computations, the less tractable the sys-

tem is to design. Backpropagation requires global memory transport, MatVec operations,

nonlinear activations, differentiation, forward and backward pathways, all for every train-

ing example. No dedicated physical system has ever implemented all of these functions

together natively in physical circuits and it is unlikely to ever be realized with neuro-

inspired computing primitives [2, 88,89].

Notwithstanding all of these strict caveats, backpropagation, along with its many bells

and whistles (momentum, ADAM optimizer [90], etc), can be computed by traditional

means and transferred onto a specialized system. When a specialized system is digitally

modeled, trained entirely on traditional hardware (off-chip) the parameter results of which

are transferred onto the specialized neuromorphic hardware, we call this the weight transfer

method, or simply off-chip training.

Alternatively, one or many forward passes might be made on the specialized hardware

itself, the results of which are measured out onto a traditional computer, updates calculated

according over a digital twin of the hardware, and the new parameters transferred back

onto the specialized, programmable chip. We refer to this case as hardware-in-the-loop

training.

For spiking networks, both approaches usually perform surrogate gradient descent [64],

whereby a differentiable surrogate function is used to approximate the dynamical prop-

erties of a discontinuous spiking function. Surrogate gradients enable training despite

non-differentiable spike functions, but are limited as biased approximations. Moreover,

for this method, and even those involving systems with continuous activation functions,

modeling a physical (analog or otherwise) system is never perfect, and therefore computed
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gradients are always no more than approximation. Specialized physical compute hardware

often suffers from device variation, stochasticity, and measurement noise. The point of

the digital system is to compute with discrete, perfectly communicable values, while a

specialized hardware must do without this luxury.

Even given these detriments to learning neuromorphic parameters on traditional com-

puters, there is moreover the price to pay of the von Nuemann bottleneck, here becoming

the neuromorphic bottleneck of off-chip learning algorithms whereby the many advantages

of neuromorphic computing, such as distributed, real-time, in-memory, dedicated compute,

are sacrificed in the name of backpropagation.

It is here we remind the reader that it is not backpropagation specifically that is required

to perform supervised gradient descent, but rather the gradient. Thus we posit an essential

question toward the advancement of neuromorphic computing. How to compute the gra-

dient on-chip using only neuromorphic operations and still achieve backpropagation-like

performance?

1.4.2.2 Gradient Descent On-Chip

A number of successful efforts have been made toward in-situ (on-chip) neuromorphic

learning, none of which stand as a definitive solution to the problem of self-training neuro-

inspired physical computing systems, but all of which offer necessary insights on the nature

of on-chip neuro-computing.

These learning algorithms typically start in theory and simulation on simple networks/neurons

before eventually being implemented in hardware toward meaningful applications. What

is key in algorithm development of this kind is to implement a learning scheme that can

be feasibly realized with only neuromorphic functions and networks; that is to say, ac-

cording to circuit-realizable operations, local memory, distributed asynchronous compute,

and modest communication requirements such as local communication or global broadcast.

Feedback Alignment

The local gradient neuron-wise gradient δ(l) at layer lfrom Eqs. 1.37 expands to

δ(l) =
(
W(l+1)

)T
δ(l+1) ⊙ ϕ′(l)(z(l)) (1.39)

where the glaring violation of neuromorphic principles is the required communication of

the transposed weight matrix
(
W(l+1)

)T
from downstream layers (we have already made

mention of the weight transport problem). This weight matrix exactly apportions credit
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assignment or error to specific parameters, allowing for well-informed updates according

to Eq. 1.36.

Feedback alignment (FA) [91] presents the novel insight that feedback matrices need not

be symmetric to feedfoward weights in order for learning to occur. In fact, [91] shows that

random fixed feedback matrices B(l) are sufficient to approximate the gradient and learn

to minimize the objective function. Instead of depending on downstream weights, local

gradients are redefined such that Eq. 1.37 becomes

δ(l) = B(l)δ(l+1) ⊙ ϕ′(l)(z(l)). (1.40)

That gradients communicated via random weights may still be applied toward parameter

updates that will realize gradient descent may be a surprising result, save for the insight

that the learning scheme is still iteratively subjected to filtration by the loss function,

which will nevertheless penalize bad updates and reward good ones, resulting in a drift in

parameter space that suites the available feedback matrix with respect to loss-minimization.

Feedback alignment has been implemented in a number of interesting learning contexts,

over different network types, and on neuromorphic hardware [91–94].

Equilibrium Propagation

Rather than redefining the gradient equations of backpropagation, equilibrium propagation

[95] instead computes the gradient according to differences in nearby equilibria of an energy

model.

Continuous-time, energy-based state dynamics can be defined as

dxi
dt

= −∂E

∂xi
, (1.41)

such that state dynamics x are governed by a minimization of energy E across time t.

More simply put, that a system will settle to its lowest energy state (such as a marble

placed at the inner rim of a bowl will eventually settle at the exact bottom of the bowl).

These lowest-energy points can be thought of equilibria and exist as function of network

parameters and input. Thus for some particular input, we can measure the resultant

equilibrium of the energy model. By input, we here mean values clamped to some subset

of nodes in a fully connected neural network, and by energy model, we mean a fully

connected neural network [96]. Let’s say a system relaxes to some equilibrium x0 only as

a function of input to some energy model. It is then sensible to measure the gradient of an

objective function according to a nearby equilibria provoked by “nudging” another set of

neurons, associated with some readout mechanism, toward a desired target value (weighted
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by nudge factor β) to produce a new equilibrium xβ . Thus the gradient for some weight

Wij in this fully connected network between the ith and jth neuron is given by

∂C

∂Wij
=

1

β

(
xβi x

β
j − x0ix

0
j

)
, (1.42)

thereby producing a method for estimating the gradient of an energy model by comparing

relaxed and nudged equilibria given the same input. From here we can perform our SGD

update once again over samples, batches, objective functions, and all the normal supervised

learning metaparameters.

There are a number of limitations to EP and computing with energy models generally.

Spiking networks are not directly applicable because small changes in the network evoked

in the nudged phase do not necessarily correspond to a smooth measurable change in the

equilibrium point. Deep networks are may also respond to small changes in output nudg-

ing in dissipating ways. EP has nevertheless seen numerous follow up work and hardware

implementations [95,97–99].

Perturbative Methods and Multiplexed Gradient Descent

Perturbative methods measure the gradient by comparing the difference in network cost

with respect to small changes (perturbations) in network parameters. Importantly, these

methods are model-free, meaning that no knowledge of the neurons/network/hardware is

required, only empirical measurements of output. In the case of finite difference [100], a

parameter is simply perturbed by some value ϵ in the positive and negative direction. In

hardware, these are trivial local operations. In both cases, the cost is measured, and a

gradient estimation with arbitrary precision according to ϵ is given by

∇i =
∂C

∂Θi
≈ CΘi+ϵ − CΘi−ϵ

2 · ϵ
(1.43)

which accomplishes a straightforward local measurement of the change in cost C with

respect to the ith parameter Θi as induced by ±ϵ perturbations. This procedure can be

repeated for all NΘ parameters in the network and for all ND samples in a training dataset,

thereby enabling an entirely empirical implementation of SGD. Given that a dataset may

contain tens of thousands to even millions of samples, and that it may need to be iterated

over some number of epochs, the scaling of this methods for any sizable network, dataset,

or learning task becomes impractical.

Simultaneous Perturbation Stochastic Approximation (SPSA) [101] instead perturbs all

parameters at once with a random Bernoulli vector of length NΘ multiplied by some
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Figure 1.7: An example of a perturbative update for τx = τθ = τp = 1 within the MGD
framework. We see perturbations to parameters w according to Bernoulli vectors θ̃ occurring
over different input samples (here not visualized). Updates are made locally according to the
estimated gradient given by the value of the local perturbation θ̃i as weighted by the measured
change in global cost ∆C and some normalization factor 1

ϵ2 .

perturbation size ϵ. The idea here is that

∇i =
∂Ci

∂Θi
≈ ∆C

∆Θi
(1.44)

where ∆Ci is what the measurable change in cost would be if only the ith parameter Θi were

perturbed and ∆C is the measurable change in cost when all parameters are perturbed

simultaneously. This is only an approximation of the gradient because local parameter

change only correlates with global change in cost most of the time when weighted by

gradient magnitude, as we will explore at length in Chapter 5. To improve correlation

of local changes with measured global cost, one might choose to integrate a number of

gradient measurements into a single gradient estimate, and indeed [101] shows that as the

number of integrations approaches the number of parameters, an estimation fidelity to the

true gradient achieved that is equivalent to that realizable with finite difference, but at the

same cost in scaling time with parameters linearly.

Managing the balance of gradient estimation accuracy with scaling and other hardware

considerations results in a few key hyperparameters to track. Multiplexed Gradient Descent
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(MGD) [102,103] introduces a framework to organize these considerations with respect to

hardware design and algorithm constraints. Three main hyperparameters are proposed: τx,

τθ, and τp track integration time for data samples, parameter updates, and perturbation

vectors respectively. The optimization of these hyperparameters is not uniform across

datasets or networks.

MGD offers a path for perturbative methods to be optimized for hardware and appli-

cation considerations. Importantly, perturbative methods only require simple physically-

realizable operations such as random number generation (RNG), local memory, and global

broadcast. Though definitive methodology for SNNs remains to be seen, perturbative

methods will scale to any problem size so long as sufficient integration time is allotted

and the network is differentiable [101]. Thus powerful architectures such as CNNs and

transformers may be trainable on specialized hardware should the problem of scaling esti-

mation time linearly with parameter count be overcome. Indeed, perturbative methods are

associated with a plethora of performant results across domains and network architectures

in the context of hardware, machine learning, and neuroscience [7, 102–107].

1.5 Problem Statement:

Having introduced neuromorphic systems as a network of functions that learn some intelli-

gent input-output relationship, all of which ought to be neuro-inspired and implementable

in-part or entirely on neuromorphic hardware, which itself employs computing principles

such as in-memory asynchronous distributed physical computations, we now endeavor to

highlight where the potential for a neuromorphic advantage over traditional computing

may be the greatest.

To fully utilize the known hardware advantages of neuromorphic computing, we must

realize all the requirements of a neuromorphic system on such hardware. Neuromorphic

functions and networks are readily implemented on physical neuromorphic circuits, but

neuromorphic learning is far more challenging to realize with strictly neuromorphic hard-

ware operations. For this reason, we have seen that much of the neuromorphic state-of-

the-art involves partially digital hardware and/or integration with conventional computing.

These efforts importantly expand on strictly digital VNAs, and we only here note that much

opportunity remains in the exploration of fully neuromorphic self-learning circuits that do

not rely on any traditional methods. Fully harnessing dedicated neuromorphic hardware

will therefore require algorithms that can be implemented entirely in-situ and we term

the absence of such a scalable, general backpropagation-competitive learning mechanism
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as the neuromorphic bottleneck that currently bounds the field to what may be only its

most nascent stage of development. We thus hope to best serve the advancement of neuro-

morphic computing by address the following problem statements: How might intelligence

arise on brain-inspired hardware? and the more immediate, tractable How to implement

supervised gradient descent using only neuromorphic operations?

1.6 Toward On-Chip Gradient Descent: Bio-Inspired Algo-
rithms for Hardware-Native Neural Computing

This dissertation interests itself with solving the neuromorphic bottleneck by way of ad-

vancing on-chip gradient descent methods for neuromorphic learning. Chapters 2 and 3

introduce the arbor update rule [5, 6], which is a learning algorithm explicitly designed

for those hardware that adopt dendritic arbors as neural morphologies for computation.

Results for this method are the first of their kind to be simulated on SOENs and the first

insight into training a hardware that is designed to approach the limits computation in

terms of speed and scalability. Chapter 4 abstracts away from specific hardware condi-

tions and realizes gradient descent in RNNs using only neuromorphic operations on SSM

networks [7], offering a novel integration of the MGD framework for perturbative learn-

ing with recurrent networks. Finally, Chapter 5 extends MGD to the novel δ⃗-MGD [8],

where the scaling issues of perturbative methods are overcome by employing astrocytic sub-

networks to implement gradient-informed three-factor hebbian updates on MLPs, CNNs,

and even transformers, realizing equivalent performance as backpropagation with orders

of magnitude fewer gradient component computations, using only hardware-friendly op-

erations. We thus present a set of earnest contributions (across hardware, applications,

functions, and networks) toward the effort of bio-inspired algorithms for hardware-native

neural computing.
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Paper Abstract

Superconducting Optoelectronic Networks (SOENs) combine photonics and superconduc-

tors to instantiate computing systems that approach the fundamental limits of informa-

tion processing in terms of speed and scalability. Overcoming the engineering challenges

of integrating these technologies into one system has consistently been aided by using

neuro-inspired architectures. SOENs are natively Spiking Neural Networks (SNNs) of loop

neurons, which themselves are comprised of many subsequent dendrites organized into

intricate morphologies. Therefore, SOENs at scale may embody highly complex super-

structures that demand commensurate learning methods. To that end, we here propose a

simple activity-based update rule (the arbor-update) for dendritic learning that is found to

successfully classify nine-pixel images with a single neuron. We test two amendments to

the arbor-update on a winner-take-all (WTA) mutually inhibitory three-neuron network.

Both elastic weight collision with dynamical boundaries and intermittent validation are

found to improve convergence time and conditions. The arbor-update and its variants

are scalable with SOENs and may even map to other systems. Importantly, all proposed

learning methods are expected to be entirely implementable for on-chip learning in SOENs.
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2.1 Introduction

Like many emerging neuromorphic systems [15,16,19,83,109], Superconducting Optoelec-

tronic Networks (SOENs) break away from traditional Von Neumann architectures, and

instead compute with asynchronous spiking neurons. SOENs utilize superconducting cell

bodies, silicon light sources, and optical communication [31, 110, 111]. These components

come together to form the loop neuron, an example of which can be seen in Fig. 2.1. Loop

neurons can host dendritic arbors which allow for more complex within-neuron processes

and have been shown to be useful for learning and computation [112–118].

Figure 2.1: An example of a loop neuron with non-point morphology. Se = excitatory
synapse, Si = inhibitory synapse, D = dendrite, N = soma, T = transimtter circuit, and P

= plasticity modules.

In Fig. 2.2, we can see a simplified (monosynaptic) point neuron in circuit form. Here a

brief overview of circuit dynamics is given, but only the flow of information across compo-

nents is necessary to understand the computational properties of SOENs. Starting at the

synapse, light pulses are received in the few-photon domain by a superconducting single

photon detector (SPD). Current in the SPD is inductively coupled as flux with a coeffi-

cient (analogous to a synaptic weight) to a superconducting quantum interference device

(SQUID). The flux coupled into the SQUID must reach a bias-current-dependent thresh-

old before the time-average voltage across the circuit becomes non-zero, after which point
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fluxons are emmitted and captured by an adjacent L-R loop. Current is driven, integrated,

and leaked by the L-R loop and thus the SQUID and L-R loop together form a mechanism

that is qualitatively similar to a dendrite such that information from upstream synapses

or dendrites is integrated and leaked (with a definable L/R time constant), without ever

spiking. A soma is a dendrite with a transmitter circuit that may, upon reaching a defined

threshold, trigger a superconducting switch (called a tron) to provoke a silicon diode light

source to fire into a dielectric waveguide, routing photons to all downstream neurons. The

triggering of the tron also flushes the somatic dendrite of all integrated current (but not

the current of pre-somatic dendrites), while simultaneously adding signal into an attached

refractory dendrite that will inhibit the soma with a given L/R time constant. Together

these superconducting optoelectronic components form a loop neuron (named for the many

receiving and integrating loops involved). To summarize, a loop neuron is a structure with

synapses that receive signals in the form of light, dendrites that integrate and leak current,

and somas which integrate and leak current, firing photons to all downstream synapses

if a given threshold is reached. These operations and components are demonstrated in a

growing body of experimental work [110,119–121]

Figure 2.2: Circuit diagram for monosynaptic loop neuron.

Section 2.2 overviews the simulation methods used to experiment with SOENs. Sec-

tion 2.3 investigates the computational primitives of loop neurons. Readers familiar with

SOENs, or at least with spiking neural networks, may wish to start directly with Section
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2.4, which explains plasticity and learning mechanisms at the single neuron level. Section

5.7 outlines the nine-pixel problem (with and without noise) and gives experimental re-

sults. Finally, Section 5.9 interprets results, discusses limitations, and speculates on future

implications for the development of SOENs.

2.2 Simulation

In order to simulate the picosecond dynamics of SOENs, a phenomenological model is

used [122], as solving circuit equations for such a system would run prohibitively slow.

The model nonetheless maintains a 10−4χ2 accuracy to the circuit equations and executes

ten thousand times faster. All units in this model are normalized to be dimensionless. The

principal ordinary differential equation for dendritic current integration

β
ds

dt
= r(ϕr, s; ib)− αs (2.1)

is solved for all relevant components (anything with a dendrite) with the forward Euler

method, where β and α are physical constants determined in fabrication, relating to loop

inductance and resistance respectively. Signal, s, refers to the amount of current integrated

into an integration loop in dimensionless units normalized to critical current Ic. ib denotes

the biasing of the SQUID circuit (greater values of which essentially lower the flux threshold

required to begin signal integration). ϕr is the flux incident on the receiving loop. Together,

ϕr, s, and ib define the rate of flux quantum production r which is the source of signal, s, at

each time step. The function r is obtained prior to simulation and subsequently accessed as

a lookup-table for each time step in the phenomenological simulation. The forward Euler

thus becomes:

st+1 = st

(
1−∆t

α

β
+

∆t

β
r(ϕr, s; ib)

)
(2.2)

where t is the time step of the simulation. Integrated signal decays exponentially with a

time constant τ = α/β and integrates as a function of received flux ϕr, bias current ib, and

signal s from the previous time-step. Because α and β are constants set in fabrication,

ib and ϕr become the key dynamic parameters of the system, both of which can be influ-

enced in supervised and/or local fashions. Modulating bias current can change the effective

‘weight’ of a dendritic or synaptic connection in real-time. For the same quantity of re-

ceived flux and a constant inductive coupling strength, the impact on integrated signal can

be changed. Another method for changing the effective weight between two components is

to offset the received flux with some ϕoffset such that the total received flux will be more or

less by some defined quantity. This can also be done dynamically and will be exploited to
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facilitate the arbor-update in Section 2.4. Also relevant is that an SPD can only respond

to a new incident photon once every ∼ 35ns and a tron can only be triggered once every

∼ 10ns, which define an absolute refractory period for synaptic events and somatic firing re-

spectively. The SPD response to a photonic event is a steep jump in flux (∼ 10ps), followed

by an exponential decay on the order of ∼ 35ns. All parameters and architectures are de-

ployed over the phenomenological model using sim_soens (Simulator for Superconducting

Optoelectronic Networks). Code is available at: https://github.com/ryangitsit/sim_soens.

2.3 Computational Primitives

To demonstrate basic properties of loop neurons, we first constrain ourselves to the monosy-

naptic neuron, as seen in Fig. 2.2, before expanding to more complex morphologies. All

dynamics of the soma apply to any dendrite, save for firing and refraction.

2.3.1 Leaky Integrators

Loop neurons respond to synaptic events by integrating SPD flux as current into the

dendritic integration loop via the dendritic receiving loop. In Fig. 2.3 we see three

synaptic events integrated into the somatic dendrite of a monosynaptic point neuron for

different parameter settings, where firing threshold is set sufficiently high to only elicit

leaky-integration behaviour. In accordance to equation 3.1, we see that bias current ib

is positively correlated with the amplitude of signal integration in the somatic dendrite,

the time constant τ determines signal leak rate, and the inductance parameter β informs

the shape of integration. Together, these terms allow for significant tailoring of dendritic

signal integration shapes.

2.3.2 The Flux Threshold ϕth

When flux arrives at the receiving loop of a dendrite, this does not immediately result in

signal accumulating in the integration loop. Some bias-dependent threshold must first be

reached. In Fig. 2.4 (top), it can be seen that when received flux is below the flux threshold

ϕth+, no signal is integrated. In Fig. 2.4 (middle), received flux just passes the threshold

and some current is integrated. This threshold can be raised and lowered by changing the

bias current–the greater the bias, the lower the threshold. As seen in Fig. 2.3 (top), for

greater bias currents, more signal is integrated given equivalent synaptic events. This is

also evident from Fig. 2.5, where it can be seen that no fluxons are produced for certain

applied flux values at given current biases. Due to the symmetry of fluxon production
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Figure 2.3: Leaky-integrator shaping with parameter tuning for incoming synaptic events at
0, 175, and 350ns.
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over applied flux about zero, there is a negative flux threshold ϕth− that when crossed,

will also integrate positive signal, such as seen in Fig. 2.4 (bottom). Negative excitation is

sometimes observed in the brain [123] and may serve computational purposes, but can just

as well be limited by remaining within a certain activity range using deliberate parameter

selection or bounding mechanisms on inhibitory inputs to a dendrite.

Figure 2.4: Integrated signal for different amounts of received flux ϕr.

2.3.3 Rollover and The Dynamical Range

SOENs offer a large and diverse space of biologically plausible behaviors and also include

many dynamics outside the realm of typical neurons. The role these non-biological features

may play in computation is to be determined and for the time being SOENs can simply

be constrained to certain ranges in parameter space such that only biologically plausible

behaviour is manifested. One such constraint is defined by rollover whereby when a certain

amount of flux is received for a given bias current, the signal integrated into the dendrite

via this flux no longer increases, but rather declines along a curve that is symmetric to

the one it has just ascended. This cycle may continue periodically for increasing values of

flux and is a result of the periodic nature of SQUID responses to applied flux. A potential

trajectory of integrated signal in response to a strongly coupled synaptic event can be
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observed in the sequentially lettered phases (A-G) of Fig. 2.5.

Figure 2.5: Rate of fluxon product (Rfq) as a function of applied flux ϕr. Following the
fourth path from the top, where ib ≈ 1.8, applied flux may cross over several thresholds that
initiate flux quantum production (and therefore signal integration), labeled ϕth. Different
phases in a potential applied flux trajectory (in reponse to a strongly connected SPD) are
labeled sequentially with letters A-G.

To demonstrate the relationship of received flux and integrated signal, Fig. 2.6 plots

different coupling strengths between the SPD and the somatic dendrite. In doing so, the

amount of peak flux received is altered. For all values of received flux less than 0.5 (the point

of rollover for applied flux), somatic response remains proportionate to the SPD response

(plots 1-3). However, the rate of fluxon production r decreases as applied flux exceeds the

rollover point at 0.5 (phase B in Fig. 2.5) and therefore the rate signal accumulation is

diminished (plots 4-7). For very high values of applied flux (subplots 8-10), the rate of

fluxon production reaches the second trough (phase C in Fig. 2.5) in the periodic cycle

thereby integrating zero flux, before sliding back over phases B and then A.

While this signal trajectory might seem atypical in terms of neuron dynamics, it may

serve as a useful homeostatic mechanism [123] should a SOEN designer choose to exploit

it as such. However, this moment of decreasing signal for increasing flux may just as well

be avoided by arranging related neuron parameters such that this amount of flux is never

reached. This can be achieved by simply limiting coupling strength into any receiving

loop so that for no reasonable incoming values of current will received flux surpass this

rollover point. There are also feasible circuit design solutions to constrain activity to a

selected dynamical range, like ∈ [ϕth−, ϕ0/2] where there is no negative excitation and only
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monotonically increasing positive excitation. The computational value of these approaches

will be explored in Section 5.7.

2.3.4 Firing, and Refraction

Without firing behavior, activity would be confined to a single neuron. It is the photonic

communication that allows SOENs to negotiate information at the large network scale.

Once the somatic threshold is reached, the signal in that integration loop is purged, and

a refractory dendrite is driven, which temporarily forces the soma into a quiescent state.

The signal now in this refractory dendrite will negatively inhibit the soma’s own signal

integration for some time defined by the τref time constant associated with that refractory

dendrite. Upon reaching threshold, a light source is triggered which delivers photons to

downstream synapses.

In Fig. 2.7, firing behavior for two different neuron configurations are shown. In both

cases, incoming synaptic events create an SPD-driven received flux response, though be-

cause of a greater coupling strength and lower inductance parameter, only the top neuron

fires (black x mark) in response to the first synaptic event, despite having a lower bias

value. In this upper-plot case, it can be seen that the refractory signal immediately weighs

down the total received flux due to inhibition of the soma (coupled negative flux). Even as

the next synaptic event arrives, less signal is integrated in total due to residual refractory

inhibition. By the third incoming synaptic event, the neuron is ready to fire again and the

process repeats itself.

The lower-plot neuron in Fig. 2.7, however, requires two incoming synaptic events to

reach firing threshold, and then takes another four events to reach threshold while refraction

is in play. This combination of greater inductance values, longer time constants, and smaller

coupling strengths (or alternatively, bias values), demonstrates how parameter selection can

result in qualitatively different neuron firing behavior. In this case, the essential difference

between the top and bottom neurons is the number of incoming events required to fire,

and the dynamics of how this number changes over time due to refraction. Firing rate is a

key quantity in computational behavior at scale, and these are just two of many possible

configurations that comprise the diversity of neuronal behaviors of which loop neurons are

capable. A key contribution to firing rate here is coupling strength because of its role

in the effective weight of the synapse to the soma. In Section 2.4, we will explore how

changing the effective weights via flux offset can result in different firing rates for more

complex neurons. In the remainder of this section, we expand this behavioral space by not
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Figure 2.6: From top to bottom, coupling strength from synapse to somatic dendrite is
increased in unitless steps of 0.2 from 0.5 to 2.5.
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only exploring a diversity of parameters, but also of neuron structures–beyond the point

neuron.

Figure 2.7: Two neurons respond to same input for different combinations of parameter
settings.

2.3.5 Dendritic Arbors

All of the above lessons with respect to signal integration in the somatic dendrite (other

than firing) are directly applicable to any dendrite in the complex dendritic structures

that are realizable in SOEN neurons. For more tractable information flow, easier electronic

fan-in [124], and more biological plausibility, dendritic arbors are often constrained to a

tree-structure, but in practice can adopt arbitrary morphology. An example structure is

plotted in Fig. 2.8, and this same structure will be recycled for the subsequent experiments

of this paper. In addition to flexible dendritic allocation, so too can synapses be distributed

in an arbitrary fashion–one or many to any dendrite, including the somatic dendrite.
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Figure 2.8: Arbor Plot - A simple dendritic tree structure.
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2.4 Plasticity and Learning

Given the above computational primitives, and the desired scale of networks, the complex-

ity realizable in SOENs clearly calls for a system of management that goes beyond explicit

human oversight. We therefore turn our attention to the preliminary plasticity mechanisms

that enable learning in loop neurons at the single and few-neuron scale.

2.4.1 Flux Offset

An advantage to using a tree structure for the dendritic arbor of a loop neuron is that mod-

ulating the effective weight between two dendrites is then a trivial operation. By effective,

we here mean the weight that defines the influence of one dendrite on another, which is

the result of both inductive coupling strength and flux offset. While coupling strength is

determined in hardware fabrication, flux offset can be determined by any mechanism that

can couple flux. Simply by adding flux in the receiving loop of the upstream dendrite, any

influence of that dendrite unto the downstream dendrite is increased or decreased linearly

by this amount. This offset can be in either the positive or negative direction (see Fig.

2.9) and indeed a connection can be ‘disconnected’ with sufficient negative offset such that

no signal will be coupled from one dendrite to another.

Employing flux offset for effective weight moderation allows the use of memory loops

for storing and applying the offset values. The offset-defining currents in these memory

loops can be discretely raised or lowered with ten-bit precision in response to synaptic

events, dendritic couplings, or direct electrical input. Therefore, flux offset becomes a

viable plasticity mechanism for both local-unsupervised and top-down-supervised learning

on chip.

2.4.2 Dendritic Learning: The Arbor Update Rule

To apply flux offset toward a learning task, an update rule must be implemented. While

there are many possible strategies, we here posit a simple and effective update plan that

exploits the time-continuous information retained in dendrites (even after the soma spikes).

In a supervised learning setting, input can drive a certain amount of spiking output from a

single loop neuron. Given the label associated with this input, the output can be compared

to some desired output assigned to that label. We may call the spike difference the error,

and straightforwardly multiply this value with the retained signal (or just as well the trial-

averaged signal) for each dendrite in the neuron, weighted by some learning rate η. The
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Figure 2.9: Dendritic signal integration for different flux offsets.
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arbor-update rule is thus as follows:

ϕoffsetit+1
← sit ·∆yt · η (2.3)

where i refers to the ith dendrite in the neuron, si the trial-averaged signal, t the trial in

question, ∆y the difference between actual and desired spikes, and finally η the learning

rate. This procedure may be repeated over a number of iterations until the desired number

of output spikes for a given input is achieved. Notably, a single neuron can learn several

input-spike relations by iterating over this update sequence for different inputs in a cycle

or at random.

There are a number of considerations to implement this rule in an effective way, and these

will be investigated in the Section 5.7. All operations of this learning rule are realizable

in hardware. Spike differences for the error can be calculated with comparator circuits,

mean signal can be approximated with long decay rates, and offset values can be stored

and updated with memory loops. Error can be communicated to these memory cells with

photons and the remaining update contributions would be accessible locally. We therefore

here propose a learning rule intended be fully implementable on-chip.

2.5 Experiments and Results

To demonstrate the computational efficacy of single loop neurons, and to explore their

dynamical range, we take on a nine-pixel classifier task. This task has already been solved

with loop neurons in [122] by analytically choosing a dendritic structure to implement

specified logical operations that parse input data into correct classes. We therefore know

the task is solvable for this hardware, but would now like to implement the on-chip arbor-

update to accomplish the classification task. This simple test case can help explore the

implementation of this learning rule and inform on the more nuanced challenges of scaling

this approach to problems of greater complexity. Lessons are immediately applied toward

the non-linear noisy nine-pixel problem, using a small winner-take-all (WTA) network of

mutually inhibitory loop neurons. On this latter task, amendments to algorithm 1 (elastic

weight collision and intermittent validation) are as well tested.

2.5.1 Learning The Nine-Pixel Classifier

As a most distilled image classification task, the nine-pixel dataset allows for a tractable

problem to be understood by human reason, which can aid in algorithm design. Fig. 2.10

gives an overview. There are three classes to differentiate z, v, and n, each corresponding
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Figure 2.10: The nine-pixel image dataset with letter-labels. Pixel indices are included for
the letter z.

to a unique configuration of nine binary pixels that can take the values W ∈ {0, 1}. In

our experiment, these images are translated to spiking input simply by having nine-input

channels, any of which spikes at some given time value (20ns in this experiment) if the pixel

value associated with that channel is 1 (blue in Fig. 2.10) and does not spike otherwise.

To solve this problem, we follow the learning paradigm outlined in Algorithm 1 using

the neuron shown in Fig. 2.8, which has an outer layer of nine dendrites, each with

a synapse, an intermediate layer of three dendrites, and finally the soma–arranged in a

fractal structure. This allots significantly less resources than the logic-neuron used in [122],

which has a total of 24 synapses and 22 dendrites (of two types). Neuron parameters are

initialized within a dynamical range that results in one output spike for any of the three

letters, (see Table 2.1). Wi refers to weights in the ith dendritic layer.

parameter ib τ β W1 W2 sth ϕoffset

value 1.8 50ns 2π × 102 0.5 0.3 0.5 0.0

Table 2.1: Neuron initialization parameters.

Our learning implementation is straightforward. A letter is shown (in the form of spikes)

to the neuron. Output spikes are measured, and the error is given by the difference of this

to the desired number of spikes for the letter. We assign desired spike-values [0,2,4] to

letters [z,v,n] respectively. Every dendrites’ flux offset (effective weight) is updated as a

function of this error multiplied by its time-averaged signal for that trial and some learning

rate (η = 0.02). All letters are cycled over in order repeatedly until there is no error for

any of the three letters. The neuron is then once more shown each of the letters, and its

output determines its classification success.
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Algorithm 1 The arbor-update Algorithm
while convergence==False do

total error = 0
for letter in letters do

run trial with letter as input
err = desired spikes - actual spikes
total error ← err
for dendrites in node do

ϕoffsetit+1
← sit ·∆yt · η

end for
end for
if total error == 0 then

convergence = True

The output on the test-letters is shown in Fig. 2.11. It can be seen that the number

of spikes associated with each letter is completely correct in terms of desired output. It

took 32 loops over all three letters (96 iterations in total) to converge on this solution. If

the learning rate was too high, or the neuron initialization was at the upper end of the

dynamical range (spiking many times for all three inputs in the first trials) the system did

not necessarily converge.

A sample of dendritic activity (superimposed on the arbor morphology) is shown for

the correct n letter classification in Fig. 2.12. It can be seen (as expected given the

convergence values from Fig. 2.9) that the final flux offsets, visible in the pre-input (before

20ns) dotted lines at each dendrite, are not large and it is rather the combination of small

offsets that guides the neuron to the correct solution. No rollover or saturation activity is

visible (in which cases flux would be greater than signal). However, rollover is an issue for

initialization on the periphery of the dynamical range, and for larger learning rates.

2.5.2 The Non-Linear Nine-Pixel with Noise Task

The nine-pixel problem is linearly separable, and in fact information from only two pixels (1

and 4 for example) is sufficient to correctly classify the set. However, when expanding the

data set to ten samples for each class by including the original triplet and all possible one-

pixel noise permutations, the task is no longer linearly separable and therefore a system

must learn more complex data features to achieve correct classification. To meet this

challenge, and to further explore the computational space of SOENs, we now implement
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Figure 2.11: Classifier Output for each nine-pixel class.

Figure 2.12: Arbor activity for correct n classification. Solid lines = signal, dotted = ϕr

50

Docusign Envelope ID: 2C487F7A-8F3F-411C-877F-D6E99CEE5F51



2.5 Experiments and Results

a three-neuron mutually-inhibitory (inhibitory synapse on each soma, receiving spiking

output from all other neurons) winner-take-all (WTA) network.

Figure 2.13: Nine-pixel data set with one-pixel noise

Algorithm 1 now makes updates to the dendrites of all three neurons. Because non-

converging behavior was already observed in the non-noisy nine-pixel problem, we now

investigate potential automated solutions for staying within dynamical range during learn-

ing and introduce an elasticity parameter. If elasticity is on, the update rule will also be a

function of flux such that any time the absolute value of trial-averaged received flux ϕrt for

a dendrite would exceed 0.5 given the updated offset (thereby entering the rollover regime)

the sign of the update is switched. This ‘bounces’ the effective weight off of the rollover

point and back into the dynamical range (here selected to be ϕr ∈ [−0.5, 0.5]). The update

from algorithm 1 becomes

ϕoffsetit+1
←

{
−sit ·∆yt · η ϕoffsetit+1

+ ϕrit
̸∈ [−ϕ0/2, ϕ0/2]

sit ·∆yt · η ϕoffsetit+1
+ ϕrit

∈ [−ϕ0/2, ϕ0/2]
(2.4)

It is expected a bounce will briefly reduce accuracy because it moves the dendritic activity

away from the desired output, but will result in an overall more stable convergence. An

inelastic collision against the dynamical boundaries negates any updates that would push

its trial-averaged received flux with proposed offset out of these bounds, expressed by the

following update revision to algorithm 1

ϕoffsetit+1
←

{
0 ϕoffsetit+1

+ ϕrit
̸∈ [−ϕ0/2, ϕ0/2]

sit ·∆yt · η ϕoffsetit+1
+ ϕrit

∈ [−ϕ0/2, ϕ0/2]
(2.5)

The offsets are not ‘stuck’ there and can still move back into the dynamical range given

subsequent updates. The inelastic regime will too be explored here and finally so will the
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unbounded regime where updates are free to take whatever values emerge, as in algorithm

1.

Another experimental condition here examined is intermittent validation, where instead

of evaluating convergence on performance measured while flux offset updates are still being

made after every trial, a cycle over the whole 30 sample dataset with frozen weights (no

updates) is made between every full update cycle. This is done so as to prevent within-

cycle updates from vibrating performance around the convergence weights, causing for

slower convergence. A correct classification is on a winner-take-all basis, while error-driven

updates are derived from the difference between desired and actual spiking. Therefore, it

is helpful to orient the convergence requisites based on successful classification rather than

the more sensitive error-updates. Note, convergence in both the update-driven and the

intermittent validation schemes are based on 30 correct WTA classifications, but updates

are still being made while measuring classification performance after each single-sample

trial in the update-driven case.

Thus we have two extra experimental conditions, elastic weight collision and intermittent

validation, the results of which are produced in Table 2.2 for 100 learning epochs each.

Unbounded Inelastic Elastic

Update-Driven / / 54
Intermittent Validation 38 6 2

Table 2.2: Total epochs to converge on noisy nine-pixel solution.

Firstly, we observe that elastic weight collision with dynamical boundaries is most fa-

vorable for update-driven convergence. In the case of inelastic collision, effective weights

may become inert at the dynamical boundaries and in the case of unbounded updating,

dendritic activity can be driven to the trough regions of the periodic flux responses from

Fig. 2.5 where zero signal will be integrated and the updates thus become zero according to

algorithm 1, which may slow opportunity to converge. Secondly, we see that convergence

is reached for for all three regimes if the convergence condition is based on intermittent

validation. For elastic collisions, the improvement is 27-fold. The two elasticity methods

result in similar effective-weight distributions (see Figs. 2.14), where each neuron excites

the pixels associated with its class, and depresses otherwise, thereby learning a robust so-

lution. The inelastic case demonstrates how, if not for intermittent validation, the offsets

may ‘vibrate’ around the solution and not necessarily align for a full correct classification

cycle while updates are being made.
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ib τ β sth η

1.8, 2 50, 150 2π · 10[2,3] 0.25, 0.5, 0.75 0.01, 0.015, 0.02

Table 2.3: Parameter sweep.
Further investigations into a range of parameters (432 combinations, see Table 2.3) reveal

that all elasticity regimes (including unbounded) and all validation schemes do often lead to

convergence. 187 configurations converged in under 25 training epochs. For a (hardware-

preferred) bias current of 1.8, of those configurations that converge, elastic and inelastic

weight collisions more often achieve 100% classification accuracy in a below-average number

of training epochs than the unbounded regime. If the bias current is raised to a value of 2

(though this may create noisy hardware behavior), all elasticity regimes lead to a roughly

equal distribution of convergence times. This is likely because the trough region beyond

the rollover point is less severe for higher bias current values. In all cases, intermittent

validation improves convergence time. Random weight initializations for ten trails each of

the settings from Table 2.1 show that only configurations with elastic collisions converge

and only when paired with intermittent validation.

2.6 Discussion

In conclusion, we have demonstrated, as a test case, the computational efficacy of a simple

on-chip learning rule for loop neurons. To interpret these results, we may borrow lessons

from the computational primitives of SOENs. That convergence was not guaranteed for

initializations that were on the upper end of the neuron’s dynamical range in the linear

task or for unbounded updates in the non-linear task, is expected to be a consequence of

rollover. Given the dynamics of our learning rules, if a neuron is under-firing in terms of

desired output because its received flux has rolled-over, the update will erroneously give

even more flux to the most active dendrites, potentially pushing the neuron even further

into a flux-response trough (see Fig. 2.5) and making firing even less likely. This challenge

can be mitigated in a number of ways. Firstly, we can initialize in a good dynamical range,

which can be determined by setting the parameters to evoke a firing rate somewhere in

between the minimum and maximum rate given an input commensurate to the task in

question. Another opportunity to remedy this limitation is in circuit design. It is feasible

to design circuit mechanisms that bounce back or truncate flux response at the point of

rollover (elastic or inelastic weight collisions). We find both methods tend to converge

more quickly than unbounded updates. All update regimes benefit from an intermittent

validation scheme which better assesses convergence on the whole dataset for a given
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Figure 2.14: Offset flux trajectories for elastic and inelastic neurons.
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update cycle. Given a more full parameter sweep over the computational space of loop

neurons, however, we find the arbor-update rule to be generally robust over a wide variety of

conditions. Equipped with these lessons, headway is made on automated on-chip learning

for SOEN loop neurons with mechanisms that may very well scale to larger networks.

These findings should also be tested on temporal tasks, for which spiking networks and

dendritic processing are well-suited. Furthermore, there may be interesting analogues

to back-propagation in dendritic learning on loop-neurons. Using precise somatic signal

differences (in place of spike differences) may yield a better sensitivity to error. If paired

with path-specific updates that trace information backward on a dendritic branch to inform

activity-based updates, it may be possible implement a version of the arbor-update rule

in a paradigm similar to deep learning. Finally, applying activity-based updates to larger

networks of loop neurons should be investigated for a full appreciation of the speed and

scalability of SOENs.
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Spatiotemporal Processing
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Paper Abstract

Superconducting optoelectronic networks (SOENs) utilize the speed and scaling advan-

tages of photonic communication along with superconducting electronics to host brain-like

structures and information processing. It is therefore natural for SOENs to draw inspi-

ration from the complexity of the brain to realize useful machine learning capabilities via

neuro-inspired algorithms and architectures. The work here leans on the neuroscience of

neurons with non-trivial morphologies to implement a mechanism for sequence detection in

simulated SOEN neurons equipped with active dendritic arbors. This result is expanded

to a more general online pattern-sequence detector and is tested on a nine-pixel binary

video feed. A pattern-recognizing layer of neurons acts as a feature filter on an incoming

stream of data and feeds into different branches of a temporally sensitive neuron, which

will only spike when its branches are excited in the correct order. Temporal sensitivity in

arbor branches is a function of connection and leak-rate (time constants), both of which

are variable in SOEN hardware. This SOEN-sequence-detector is then successfully applied

to an anomaly detection test case and, finally, onto an abridged ECG-5000 time series clas-

sification task. These results may stand as a precursor to more sophisticated computations

and suggest the viability of SOENs for spatiotemporal data processing.

To design systems with brain-inspired intelligence, neuromorphic engineers must balance

the complexity of the brain with what is practical to realize in physical hardware and
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there are a number of varied efforts to do so [126–130]. Superconducting optoelectronic

networks (SOENs) [131,132] attempt this balance of complexity by striving to incorporate

rich biological realism, while still remaining tractable and trainable.

A key neuro-inspired property of SOENs is its implementation of dendritic trees. Den-

dritic processing uses physical features of the cell structure to process information and

has been shown to perform numerous useful computations [133–141]. It has further been

shown to be suitable for neuromorphic learning and memory [142,143]. The work presented

here is a demonstration that specific dendritic arbor architectures can be used to perform

pattern recognition and sequence detection. The connectivity graph of a neuron’s den-

dritic arbor is shown to enable single neurons to respond preferentially to a certain input

pattern. Leveraging different time constants across dendritic branches facilitates sequence

detection. SOENs can host time constants on the order of nanoseconds to milliseconds,

thus allowing for considerable temporal sensitivity at a range of scales. The strengths

of feed-forward connections between synapses, dendrites, and the soma can be learned

with the arbor update rule [108] by weighting a global error signal with local dendritic

information.

Section I gives a brief introduction to SOENs and simulation methods. Section II gives

an overview of dendritic processing and provides a demonstration of a bio-inspired non-

point neuron in SOENs that is sensitive to pattern features and timing. In Section III, a

multi-neuron online sequence detection system comprised of a pattern layer and specialized

timing neuron is implemented and in section IV it is incorporated in an anomaly detector

system. Section V implements the sequence detection system on ECG-5000 time-series

data from [144,145]. Finally, findings and future work are discussed in Section VI.

3.1 SOENs

The monolithic integration of superconductors, semi-conductors, and photonics for neuro-

morphic computing is motivated by the goals of speed and scale. Photonic communication

allows for low-latency, long-distance sharing of information free from electronic parasitics.

Photons transmit the neuronal spikes of SOENs. Employing superconducting electronics

at low temperature (1K - 4K) allows for synapses sensitive to single photons based on su-

perconducting single-photon detectors [132], as well as dendrites based on superconducting

quantum interference devices (SQUIDs) [146] to be implemented. Together with a coupled

inductive and resistive circuit, SQUIDs form a leaky-integrator dendrite with known activa-

tion thresholds and well-behaved dynamics whose bounds are defined in fabrication. When
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Figure 3.1: A SOENs neuron with six synapse/dendrite pairs (examples outlined in red
and blue) and one soma (outlined in green). The figure-eight-shaped coils inside the dendrite
region are superconducting quantum interference devices (SQUIDs). The meandering wires are
integration loops. The central region of the graphic is a passive collection coil. The remaining
hardware in the soma to the right of the SQUID and integration loops is the transmitter
circuit.
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outfitted with a thresholding circuit and a silicon-diode lightsource, a dendrite becomes a

soma. Thus these building blocks (synapses, dendrites, and soma) realize a complete SOEN

neuron (Fig. 3.1). All SOEN systems in this paper are simulated using sim-soens [147], a

high-level instantiation of the phenomenological model of superconducting optoelectronic

neurons [148], which captures the behavior of SOEN components with a χ2 agreement of

10−4 to standard circuit equations.

For the purposes of this work, it is sufficient to understand that the activation of any

given dendrite or soma is referred to as the signal, s, and is accrued in an element according

to the dendritic transfer function approximated in simulation by the forward Euler solution

st+1 = st

(
1−∆t

α

β
+

∆t

β
r(ϕ, s)

)
(3.1)

where ∆t is the simulation time step. α and β are resistance and inductance constants

respectively. The source function, r(...), increases monotonically (for bounds determined

in hardware and by bias current) with flux ϕ received by the dendrite from either synapse

elements or other dendrites. As signal s accumulates in the dendritic integration loop, r

saturates, resulting in some maximum possible signal value. Preset neuron parameters and

online learning mechanisms are both constructed such that the function r(...) and updates

to s remain in a confined range. All quantities are normalized to be dimensionless units of

time or critical current.

Qualitatively, SOEN synapses convert photons to flux, or incoming spike-events to in-

tegrated dendritic membrane potential. SOEN dendrites receive flux and integrate it into

signal according to equation 3.1, and then either couple flux to downstream components,

or trigger a transmitter circuit when a somatic dendrite reaches firing threshold. Coupling

strengths between components have some predetermined value set by relative inductor

sizes and can be described in simulation by

ϕi =
n∑

j=1

Jijsj , (3.2)

where the received flux ϕ of the ith dendrite is determined by the integrated signal of the

jth dendrite according to the coupling strength Jij . This value can also be dynamically

offset in the positive or negative direction by coupling additional flux of a changeable value

stored in a memory loop (a superconducting current in a loop) [149]. The value in a

memory loop can be changed with either photons or flux. With this scheme, SOENs can

learn using methods that should be entirely implementable on-chip [108].
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3.2 Dendritic Processing

Figure 3.2: The morphology of a pattern-recognizing basal-proximal neuron with hand-
selected weights to resonate with the z−n nine-pixel pattern sequence. Dotted lines indicates
inhibition. It can be seen that the purple branch (branch 0) is designed to be excited by
the z pattern. An unraveled z image fed into the synapses would result in excitation at the
pixel associated dendrites and inhibition otherwise. Likewise, the gold branch (branch 1) is
designed to respond to the n pattern. The distance of the basal branch (purple, branch 0)
to the soma is simulated with a weaker connection strength. The proximal branch is more
strongly connected (gold, branch 1).

Biological neurons are comprised of many integrated parts coming together in complex,

meaningful structures capable of computations within every neuron. While the specific role

of certain neuronal sub-structures is not always clear, dendritic processing has been shown

to facilitate context-learning and sequence recognition [134, 150, 151]. Relevant to the

work presented here, there is evidence for basal dendritic branches responding to specific

contextual keys, priming (but not alone causing) a neuron to fire. Once in this context-

primed state, event-triggered excitation in a proximal dendritic branch may provide the

remaining membrane potential to cause neuronal firing. In this model, neither context

nor event are sufficient to cause firing alone. Moreover, these basal and proximal branches
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must be excited in the correct order to result in firing. An example of a SOEN neuron with

an analogous structure (henceforth referred to as a basal-proximal neuron) is depicted in

Fig. 3.2. All nine possible two-pattern sequence scenarios for the nine-pixel images Z, V ,

and N are plotted in Fig. 3.3.

Figure 3.3: The nine possible basal-proximal orderings for a two pattern sequence drawing
from three possible patterns. Only one order, z → n, results in the somatic signal (blue)
reaching firing threshold. The context-primed state can be seen in the received-flux (orange
line) when the z pattern arrives first and the event-triggered state can be observed when the
n pattern arrives second. Neither alone is sufficient, given the flux-to-signal dendritic transfer
function, to drive the somatic signal to threshold.

Basal context and proximal events can be learned using the arbor update rule [108]. By

propagating a spike difference error globally and weighting it with local dendritic infor-

mation, the plasticity mechanism of loop dendrites [149] can be updated such that both

context and event are learned, the results of which are plotted for the more difficult exten-

sion of five possible input patterns in Fig. 3.4. All possible sequences of the input patterns

displayed in Fig. 3.5 are cycled over iteratively, with target spiking set to zero for all but

the sequence to be recognized, which is assigned a target spiking value of ten. The error

between the actual quantity of output spikes and the target quantity (∆ytrial) is propagated

back to all dendrites in the neuron where it is multiplied by the local signal information

(trial-averaged signal strial
i ), and weighted by some learning rate η, to determined the new

62

Docusign Envelope ID: 2C487F7A-8F3F-411C-877F-D6E99CEE5F51



3.2 Dendritic Processing

flux offset ϕoffset value at each dendrite, according to

ϕtrial+1
offseti ← strial

i ·∆ytrial · η (3.3)

for some ith dendrite after a trial iteration. This is the dynamic weighting scheme of loop

neurons, where a value is stored in a memory loop (of superconducting current) and used

to offset the flux of that dendrite in the positive or negative direction. In this way, arbor

updates can be made online and stored in hardware.

Figure 3.4: Signal in the soma for an n− x trained neuron given different input sequences.
Each grid cell here corresponds to the average excitatory flux at the soma of a basal-proximal
SOEN neuron. Basal input is received first, with a total of five pattern-specified input synaptic
events, followed by five proximal input events. This is after learning the n− x sequence with
the arbor update rule in only 7 training epochs. The correct ordering of input events indeed
results in the most somatic activity and also the most output spikes.
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Figure 3.5: These patterns correspond to input of nine dimensions, where dark pixels equate
to some amount of input spikes (depending on the task) and blank pixels do not fire. Usually,
one pixel channel feeds into one synapse on a neuron.

3.3 Online Sequence Detection

The prime-then-trigger evocation of the above basal-proximal neuron inspires a more gen-

eral sequence detection system in SOENs, whereby the partitioning of input into different

branches is automated (rather than fixed) by a layer of pattern neurons that then feeds

into a basal-proximal-like timing neuron. These pattern and timing neurons together form

a SOEN pattern-sequence detection module, each component of which are here examined

individually before being tested together. The main idea is that pattern neurons filter

spatial features and timing neurons filter temporal features.

3.3.1 Pattern Neurons

As demonstrated in [108] and shown in Fig. 3.6, simple binary images can easily be

learned in SOEN neurons using the arbor update rule, even in the presence of noise. A

layer of neurons, each associated with one input pattern, and connected to each other with

mutual inhibition, can serve as a classifer in a winner-take-all (WTA) scheme, whereby the

pattern associated with the highest-spiking neuron is designated as the output prediction.

In some sense, the mapping of a binary image to some spiking output is a dimensional

reduction according to a pattern-based filter that selects for certain features much like

a convolutional kernel would when scanning over an image. For a nine-pixel grid, filters

associated with various spatial patterns can be hand-picked (as in Fig. 3.3) or learned

(Fig. 3.4). The underlying mechanism is that dendrites associated with a specific pattern

feature are excited and the rest are depressed. This results in high firing activity for a given

input pattern and little-to-none otherwise. A layer of various possible sequence pattern-

recognizing neurons can therefore be constructed such that firing activity can automatically
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Figure 3.6: An example of a neuron with an arbor of 13 dendrites (fan-in of three), learning
to recognize the z nine-pixel pattern, even with the presence of one-pixel noise, among noisy
samples of v andg n patterns, as detailed in [108]. This neuron is in a mutually inhibitory
winner-take-all context with neurons corresponding to v and n patterns. All neurons learn
to spike in response to their associated pattern and remain relatively quiescent otherwise. At
the synaptic layer, it can be seen that dendrites associated with the z input pixels (green) are
strengthened and dendrites associated with empty pixels (red) are depressed.
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be filtered down different network paths according to spatial features.

3.3.2 Timing Neurons

Figure 3.7: A timing neuron driven to firing by the correctly ordered excitation of its
branches. The somatic signal (solid blue line) is fed by the signal of all three dendritic branches
(dotted lines). Each dendritic signal is weighted by its connection strength to the soma, so
that their relative contributions to firing can be observed. Input events for synapes are marked
with the color corresponding to their branch.

The broad range of time constants (leak rates) definable in SOEN dendrites may be

exploited to construct neurons whose branches must be excited in the correct order to reach

firing threshold. This can be achieved by constructing a neuron with a number of single-

dendrite branches equivalent to the length of the sequence to be recognized. Assuming

branches are excited one at at time, manipulating the leak rates and coupling strengths of

each branch can allow for an implicit excitation order required to fire. Choosing the leak

rate τ to be approximately equivalent to the duration of a sequence pattern input ∆tpattern

multiplied by the number of branches b in the neuron minus the order placement i results

in the soma only being able to receive input from all dendrites simultaneously if they are

excited in the right order. The weight of that dendritic branch follows an inverse trend,

increasing with the order it is to be excited, such that if the first branch is excited many

times in a row it will not be strong enough to drive the soma to fire alone. Similarly, even

though the last branch has a strong weighting, it cannot drive the soma to fire because its

signal decays before the next input spike arrives. Thus, branch leak rates and strengths

can be fixed in hardware fabrication with consideration for the following relationships:
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τi ≈ ∆tpattern(b− i), (3.4)

wi ∝ i. (3.5)

The dendritic arbor activity for a correctly ordered excitation of timing neuron branches

is pictured in Fig. 3.7. Note that due to the different time constants derived from equation

3.4, only that order of branch excitation can result in firing because only branch A has a

long enough time constant τA to be excited first and still contribute to somatic flux (and

therefore signal) during the remaining two branch excitations. Even if the branch order

were to be ACB, the time constant associated with branch C is too short to allow it to

contribute to the soma while branch B is being subsequently excited. Because of equation

3.5, two or three A patterns in a row is also not sufficient for firing. Their activity would

overlap, but not be strong enough in total to reach threshold. The key to the timing neuron

firing is for all three branches to contribute to the flux received by the soma simultaneously

and therefore the only viable order of excitation is A,B,C.

Similar to pattern neurons, the timing neuron can act as a filter on input data, but

now in the time domain. Together, pattern and timing neurons equip SOENs with a

filtering system that can be responsive to both specific spatial and temporal signatures.

By combining these computational assets, an online spatial-pattern sequence detector may

be instantiated.

3.3.3 SOEN Pattern-Sequence Detector

The architecture of the pattern-sequence detector (Fig. 3.8) is such that all pattern neu-

rons are adjacent and not mutually connected. The number of possible input patterns

determines how many neurons there ought to be in the layer (one-per-pattern). A stream

of consecutive patterns is fed indiscriminately to all pattern neurons, each with a synaptic

layer of equivalent size to input dimensionality (one pixel feeds to one synapse in each

pattern neuron, a dark pixel corresponds to spiking input). Each pattern neuron can ei-

ther be trained with the arbor update rule or handcrafted. Only the neuron associated

with the presented pattern should be excited enough to fire. The timing neuron has as

many mono-dendritic branches as there are patterns in the desired sequence to be detected.

This number need not be equivalent to the number of possible patterns or the total length

of the input sequence. The branches have an implicit excitation order. Depending on

the desired sequence, the appropriate pattern neurons are connected to the appropriate

branches. Because only the correct associated pattern neuron should fire in the presence

67

Docusign Envelope ID: 2C487F7A-8F3F-411C-877F-D6E99CEE5F51



3. THE ARBOR UPDATE RULE FOR SPATIOTEMPORAL
PROCESSING

Figure 3.8: Pattern-Sequencer System: Dotted arrows are photonic firing, solid arrows are
dendritic arbor connections.

of a given input pattern over some time, the corresponding branch (if there is one) of the

timing neuron will be excited if that pattern is occurring in the input. Like the previous

basal-proximal examples, if it is the first branch, the neuron enters a contextually primed

state. This level of priming increases if the correct order of branches are excited, and leaks

away otherwise. If all up to the penultimate branch have been excited in the correct order,

the final triggering event of the pattern associated with the final branch will evoke the

firing of the timing neuron and the sequence will have been detected.

Qualitatively, the task of the pattern-sequence detector is to fire when it has just received

a specific sequence of input patterns. It should fire under no other conditions. The results

of all possible three-image input pattern sequences (with three consecutive input events

for each image), filtered by a pattern layer into a timing neuron are documented in Table

3.1. It can be seen that however many times a given pattern occurs in a sequence, the

corresponding pattern neuron fires the same amount of times. This verifies that the pattern

layer is filtering the input correctly. However, the timing neuron fires only when the correct

sequence of input patterns is seen (in this case, z-v-n). Thus, after the temporal filter is

applied to the already spatially filtered patterns, the correct sequence is found.

The timing neuron activity is shown in Fig. 3.9 for the case where the desired sequence

is observed. The dendritic activity (dotted lines) is particularly demonstrative of the de-

scending time-constant strategy, where a spike only occurs when activity from all branches

overlap, due to the first branch integrating all the way from the start of the trial, the
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Sequence [Z, V,N ] Timing Neuron

Z - Z - Z [3, 0, 0] 0
Z - Z - V [2, 1, 0] 0
Z - Z - N [2, 0, 1] 0
Z - V - Z [2, 1, 0] 0
Z - V - V [1, 2, 0] 0
Z - V - N [1, 1, 1] 1

Z - N - Z [2, 0, 1] 0
Z - N - V [1, 1, 1] 0
Z - N - N [1, 0, 2] 0
V - Z - Z [2, 1, 0] 0
V - Z - V [1, 2, 0] 0
V - Z - N [1, 1, 1] 0
V - V - Z [1, 2, 0] 0
V - V - V [0, 3, 0] 0
V - V - N [0, 2, 1] 0
V - N - Z [1, 1, 1] 0
V - N - V [0, 2, 1] 0
V - N - N [0, 1, 2] 0
N - Z - Z [2, 0, 1] 0
N - Z - V [1, 1, 1] 0
N - Z - N [1, 0, 2] 0
N - V - Z [1, 1, 1] 0
N - V - V [0, 2, 1] 0
N - V - N [0, 1, 2] 0
N - N - Z [1, 0, 2] 0
N - N - V [0, 1, 2] 0
N - N - N [0, 0, 3] 0

Table 3.1: Col 1. The sequence of input patterns
Col 2. The firing of each pattern neuron respectively.
Col3. The firing of the timing neuron.
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second from the middle, and the last only in the final third, each with increasing strength.

Note the similarity of this result to the contrived timing neuron example shown in Fig.

3.7. The improvement is that the detection system did not require the patterns to be

hand-fed to specific branches in order, but were rather filtered and routed by the pattern

layer neurons. A viable sequence detection method, with automatic spatial and temporal

filtering, has thus been demonstrated in SOENs, using design and training methods simple

enough to realize on chip.

Figure 3.9: Internal activity of timing neuron when system encounters correct sequence, as
filtered through a pattern-processsing layer.

3.4 Anomaly Detection

An application of the above sequence detector would be that of anomaly detection, whereby

aberrations in a known sequence elicit an output from a system that is quiescent otherwise.

Figure 3.10 outlines an architecture for this task. By having the output of the sequence

detecting neuron depress one branch of an ‘anomaly detector’ neuron, and by having the

other branch be fed directly by sequence input, excited by any pattern, the neuron can be

constructed such that this balance rests at the edge of spiking. If the desired sequence is

not repeatedly recognized, the timing neuron momentarily ceases to fire, and the excitatory

branch of the anomaly neuron wins out, driving it to fire, as shown in Fig. 3.11. This

mechanism of creating a tension between excitatory and inhibitory branches in a single

neuron may be indicative of general perturbation-detection capabilities.
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Figure 3.10: A pattern sequence detection module feeding into one branch of an anomaly
detection neuron. The other branch is fed directly by the pattern sequence. The two branches
are in excitatory/inhibitory tension.

Figure 3.11: Somatic and arbor activity of an anomaly detection neuron when encountering
one abberation amidst an otherwise correctly repeating sequence. The solid blue line is somatic
signal and the solid green line is received flux (of the soma from the two dendritic branches).
Dotted signals are of the dendrites, and the orange dotted signal is specifically from the
sequence-detector-fed branch. Each label on the x-axis corresponds to three input events of
that pattern, separated by 50 ns, fed into the sequence detector pattern layer and the pattern
input branch of the anomaly neuron. The sequential lettering of ABCD corresponds to to
the nine-pixel patterns zvnx. One dummy spike is fed into the pattern input branch of the
anomaly neuron at the start of the trial, as there were no sequences yet to detect. The anomaly
neuron only fires after encountering the aberration D, marked by the vertical red dotted line.
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3.5 ECG Time Series Classification

Nine-pixel datasets not only offer tractable dynamics for didactic purposes, they also can

inform algorithm development for more scaled tasks. The above presented methods are now

applied to a time-series classification task on an electrocardiogram (ECG) dataset [144,145],

wherein anomalous heartbeats should be distinguishable from healthy heartbeats. While

the time scale of a heartbeat should be within range of time-constants achievable in SOENs,

the data is here sped to the order of nanoseconds to showcase SOENs extremely fast

processing speeds (a scale for which appropriate datasets are less readily available). The

ECG-5000 dataset is used in a binary classification scheme that calls for the separation

of healthy and anomalous heartbeats. These two time-series classes (and their means) are

visualized in Fig. 3.12. A natural partitioning of these signals in the time domain is into

thirds and these temporal chunks can be used as distinct patterns themselves. This allows

for an easy mapping onto the sequence detection system from Fig. 3.8.

To convert continuous time series data such that its information can be spread across a

dendritic arbor, signals can be binned along the y-axis (Voltage in this case), as depicted

(for the mean signals of each heartbeat class) in Fig. 3.13. It can be seen that the time-

series structure is preserved (albeit in lower resolution) by this prepossessing method. Each

step in time is represented by a one-hot-encoded sixteen-dimensional vector corresponding

to the signal amplitude at that moment. The binned signals can be used to generate

multi-channel spike-trains according to the SOENs synapse constraint of a 35 ns reset time

(Fig. 3.14). For a given amplitude vector, if a channel has a value of one at its associated

binned-signal index, a spike is added—so long as there is not already a spike present in

that channel from within the last 35 ns.

To analyze this preprocessing method, the spiking input-channels can be reshaped into

pixel images and the average amount of spikes for each pixel of every chunk over both

classes can be plotted as a four-by-four pixel image, as shown in Fig. 3.15. It is imme-

diately clear that there is considerable overlap across classes and across chunks. Chunk

B occupies identical amplitude bins in both normal and anomalous heartbeats. Moreover

chunk B images can be construed as a subset of either A or C chunks of either class. This

overlap of classes and chunks may suggest that both the number of bins and the number of

chunks could be better optimized for. There are likely chunking and binning numbers that

resonate with natural features in any given dataset. However, this simplified arrangement

is straightforward to imagine computationally and is therefore appropriate for the purposes
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Figure 3.12: Normal and anomalous ECG-measured heartbeats. Each signal is a 140 ms
splice from a stream of heartbeats belonging to its respective class. Regions A,B, and C are
of equal length in the time dimension and can be used for natural temporal chunking of the
data.
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of this example. Furthermore, this preprocessing method may be achievable in hardware

through an array of thresholding mechanisms.

Figure 3.13: Binned ECG signal data for the mean signal of both normal and anomalous
heartbeats. Each step in time corresponds to a one-hot-encoded vector of the signal amplitude
at that moment in time.

Figure 3.14: Raster plot of sixteen input spike-train channels converted from the binned
amplitude signals of the mean signals for normal and anomalous heatbeat signals from Fig.
3.13. Interspike intervals is adapted to appropriate scales for SOENs computing (nanoseconds).

Despite a dataform with notable inter-class overlap, the SOENs sequence detection sys-

tem manages to correctly distinguish head-to-head comparisons of normal and anomalous

heartbeats with a 93% test accuracy on 4000 signals using spike-first comparison on the

the timing neuron output after only one epoch of training. Pattern neurons are trained on

chunks A, B, and C for the first 3200 samples of the dataset and then tested with a timing

neuron output on 800 remaining samples. It is found that the constraints of equations
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Figure 3.15: Each pixel corresponds to the amount of spikes encountered at one of the sixteen
input-channels for the signal-to-spike converted ECG of normal and anomalous heartbeat
signals across all pattern chunks.

3.4 and 3.5 should be relaxed to enable occasional firing for out-of-order branch excitation

(in particular of B and C). Because of class overlap, it is less straightforward to train a

neuron that responds to B-chunks more rapidly than to C-chunks without the inclusion of

inhibitory dendrites, which have been excluded from this work for simplicity. Inhibition

does typically allow for better class separation in SOEN neurons. Allowing an out-of-order

firing of B and C pattern neurons to elicit a spike in the timing neuron accommodates more

robust time-series classification. Fig. 3.16 demonstrates how this adjustment results in a

sequence detection system that spikes sooner and more often when presented with a normal

heartbeat than with an anomalous heartbeat. Weaker spiking activity for anomalous spans

in a time-series can likely be leveraged for a full anomaly detection system in exactly the

way as implemented in Section IV. It is also worth noting that the spatial-then-temporal

processing of the SOEN sequence detection system does appear to be necessary, as a single

SOEN neuron using the arbor update is unable to distinguish between the two signal types.

Therefore, the pattern-layer-to-timing-neuron architecture must be capturing features that

are necessary for classification.
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Figure 3.16: Timing neuron of a SOENs sequence detector system encountering pattern-
layer-filtered input for both a normal and anomalous heartbeat signal. Note that varying
leak rates of timing branches are not visible in the flux domain and the amplitude of flux is
artificially weighted by its branch connection strength to the soma for better visualization.
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3.6 Discussion

Sequence detection has a number of real-life applications that may be more appropriate

for SOENs than ECG data, such as the classification of cellular signal signatures [152].

Moreover sequence detection of spatial patterns is a precursor to action recognition in

video data – a task that SOENs may be uniquely well-matched to process en masse due to

speed and scaling capabilities. Work presented here may also be extended to detect signal

anomalies in an unsupervised fashion by using the arbor update rule to automatically

balance timing neuron output with sequence input at the edge of spiking. After some

learning period, any perturbation in the signal should cause anomalous spiking. In general,

this work ought to be extended to more complex and larger datasets beyond nine-pixel

patterns and ECG signal classification. Simple nine-pixel patterns may, however, be suited

for early implementations on physical hardware. In the long term, due to the frequency

at which SOENs operate, real-time pattern-sequence detection in these systems may be

extremely powerful for high-speed and high-bandwidth tasks in the spatiotemporal domain,

therefore motivating a demand to extend the preliminary investigations presented here.
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Paper Abstract

The brain implements recurrent neural networks (RNNs) efficiently. Modern computing

hardware does not. Although specialized neuromorphic systems are well suited for recur-

rent implementations in the inference phase, training RNNs on-chip is a challenge and not

amenable to backpropagation through time (BPTT). To mitigate this mismatch of RNNs

and hardware, we propose the application of Multiplexed Gradient Descent (MGD) for

model-free learning in recurrent networks with simple operations realizable by a number

of neuromorphic systems. MGD does not require analytic differentiation, weight trans-

port, diverse computations, or even a hardware model. Nevertheless, MGD can estimate

the true gradient of a loss landscape for any differentiable objective function and is able

to do so with multiplexed perturbations. Considerable time advantages are accessible

by minimizing the resolution of gradient estimation required for gradient descent. The

only operations needed for MGD are those canonically associated with an RNN along

with additional mechanisms for global broadcast, local memory, and pseudorandom value

generation. In this paper, we demonstrate that MGD converges to the true gradient in

agreement with BPTT for a recurrent state space model (SSM), independent of learning

task and network initialization. MGD is found to perform gradient descent with efficient

gradient approximations on real-world time series data, obtaining a 99% test accuracy on
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the ECG anomaly dataset and 93% on the full imbalanced multiclass ECG-5000, with sim-

ilar results over a wide variety of network sizes, initialization, and hyperparameter settings.

We show that learning in the recurrent layer is self-regulating for stability by analyzing

its ongoing spectral radius. The separability of learned representations by this method are

visually and quantitatively analyzed with k-means clustering, principal component analy-

sis, and distance measures. Finally, prospects for neuromorphic hardware implementations

are proposed given the modest operation and topological requirements to learn in RNNs

with MGD in-situ, thereby offering a viable path toward the full neuromorphic advantage

of learning in RNNs on-chip.

4.1 Introduction

Table 4.1: A case for on-chip RNNs trained with MGD.

System Efficient RNNs BPTT MGD

Brain ✓ ✗ ?
CPU/GPU ✗ ✓ ✓

Simulated Neuromorphics ✗ ✓ ✓

Physical Neuromorphics ✓ ✗ ✓

Recurrent neural networks (RNNs) are the natural choice for temporally dependent com-

puting. Certainly, RNNs are nature’s choice, as the vast majority of all network topologies

in the brain are recurrent [154–156]. From a theoretical standpoint, cycles in a network

create temporal offsets that are capable of producing higher-dimensional reconstructions

according to Taken’s theorem [157]. Intuitively, allowing information from previous in-

puts to persist in a network through recurrence, rather than being immediately extruded

through an output layer, readily paints the picture of a memory window for input-history-

informed network activity. Indeed, RNNs are the established choice for brain-inspired

computing in the time domain [158–162] , and have moreover seen a resurgence with state-

of-the-art results in sequence processing by way of Legendre Memory Units [163,164] and

later State Space Models (SSMs, Fig. 4.1) [67, 165, 166] with strong performance even

in the large language model (LLM) domain. While modern SSM results leverage GPU-

trainable approximations of recurrence, efficient and scalable in-hardware training of true

RNNs remains to be seen.

Generally, the motivation to realize temporal computing with brain-inspired efficiency

using RNNs is at odds with modern computing hardware. Although iterative matrix
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Figure 4.1: Input signal u(t) is projected to state x(t) ∈ RN according to projection matrix
B ∈ RN where N is the size of the state. x(t) is moreover subject to the recurrent transition
matrix A ∈ RN×N at ever step in time. Here, only the final state x(t = T ) is mapped
by readout C to some output y, which is associated with some objective function to guide
learning.

multiplication can instantiate a recurrent system in a way well suited to both GPU par-

allelism [167] and the backpropagation-through-time (BPTT) learning algorithm, it fails

to take advantage of in-memory computation with dedicated neural circuit elements as is

observed in the brain. Even basic field programmable array (FPGA) implementations of

RNNs have been shown to outperform CPUs and GPUs [168], despite that FPGAs are not

uniquely designed for RNNs. Though GPUs are the most powerful computing hardware

for multilayer perceptrons (MLPs) and convolutional architectures, they still struggle to

implement RNNs directly with commensurate efficiency, and this is all the more reason to

consider brain-inspired methods on brain-inspired hardware.

Neuromorphic hardware can implement neuronal activations and recurrence through

native properties of physical circuit elements, resulting in massive efficiency gains that en-

able small-footprint, real-time devices that enjoy inherent low power through asynchronous

parallelism, in-memory compute, and physical activation functions [169]. However, these

extremely efficient implementations of neural networks do not follow the von Neumann

architectural scheme and are therefore less poised to implement the diverse and sophisti-

cated computational requirements of backpropagation, and moreover BPTT, on-chip. This

is because BPTT requires a variety of computation types (including differentiation on well-

defined activation functions), weight transport [87] (the topological constraint of backward

passes requiring every new downstream weight to be routed to every learnable parameter),
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and unrolling the recurrent graph in time – none of which are suitable for specialized hard-

ware that involve noisy, unconventional, and even non-differentiable activation functions,

dedicated topologies, and in-time in-memory compute.

An alternative solution is to train entirely off-chip with simulated hardware models before

transferring weights to the neuromorphic device, or even cycling through on-chip forward

passes, off-chip backward calculations, and on-chip updates. These approaches suffer from

susceptibility to inaccurate hardware models, imperfect weight transfer techniques, device

defects, and noise. The motivation for on-chip, in-situ training methods is therefore great

because learning on the hardware itself, and around its associated noise and defects, cir-

cumvents much of the aforementioned susceptibilities by including these properties in the

learning procedure. The limiting factor thus becomes what learning algorithms can be

instantiated with the limited (but efficient) operation scope of neuromorphic hardware? A

variety of choices have been explored [170–172], but a definitive solution to in-situ train-

ing in neuromorphic systems, and especially those implementing RNNs, is not yet salient.

This claim is evidenced by the sparsity of experimental papers that demonstrate recurrent

on-chip neuromorphic learning, though promising efforts have been made [173–176].

We here propose an existing learning algorithm, multiplexed gradient descent (MGD)

[103, 177], as a viable solution to the mismatch between the potential neuromorphic ad-

vantage of implementing RNNs and the neuromorphic disadvantage of on-chip learning in

RNNs, thus advancing toward a caveat-free neuromorphic advantage in modern computing

(see Table 4.1). MGD requires only simple operations and topologies in the form of random

number generation, global broadcast, and local memory, all of which are commonly found

in neuromorphic systems (as we will examine in Sec. 5.9), and are present in the brain in

the form of stochasticity, neuro-modulation, and synaptic storage respectively.

Perturbative methods are well known to reliably estimate the true gradient with respect

to an objective function for sufficiently small perturbation sizes and have strong theoretical

grounds for this guarantee [178]. The mechanics of perturbative learning are most obviously

understood by the finite difference method [100], whereby a single parameter of a system

is randomly perturbed by some value ϵ, whose contribution to the change in global cost

is perfectly isolated. By iterating over all parameters, the method converges to the true

gradient in the limit of ϵ → 0 and is guaranteed to work for any differentiable function

with a tractable gradient. Importantly, perturbative methods of this sort are model-free

(i.e., the function-to-differentiate need not be known). MGD introduces an approach to

multiplex (parallelize) these perturbations in a time-efficient manner by employing random
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±ϵ perturbations at every learnable parameter simultaneously, and by moderating three

key hyperparameters:

1. τθ: Number of iterations to integrate into a gradient estimation before making an

update.

2. τp: Number of iterations per set of perturbation values.

3. τx: Number of iterations per training example.

To execute gradient descent in a neural network using MGD, it is often sufficient to batch a

set of training examples (τθ = batch size), make a random±ϵ perturbation to all parameters

(τp = batch size) only once before making an update (τx = 1) [103], and this happens to

be on the upper end of operation efficiency for perturbative gradient descent, roughly

O(NΘ · iter), where NΘ is the total number of parameters and iter is the total number of

training iterations. The method thus benefits from efficient multiplexing of perturbations

and updates.

The key insight as to why MGD works is that over time the history of random per-

turbation signs for a given parameter becomes increasingly unique to that parameter, and

likewise updates to that parameter become increasingly uniquely correlated to its true con-

tribution to the cost. According to this insight, and by [178], this method is guaranteed to

approximate the true gradient for any differentiable system, regardless of system topology,

activation functions, hardware defects, and/or noise (given an appropriate noise-to-ϵ ratio).

This then should apply (as will be demonstrated) to recurrent topologies with operations

confined to those afforded by specialized neuromorphic hardware implementations.

The MGD learning algorithm starts by accumulating an estimate of the gradient,

∇i ← ∆Cθi (4.1)

where ∇i is the ith component of the gradient, ∆C is the change in cost before and after

multiplexed perturbations are applied, and θi is the sign and magnitude of the perturba-

tion to the learnable parameter associated with the ith component of the gradient. The

estimation is accumulated over a number of iterations designated by the hyperparameter

τθ, and stored in a distributed component-wise fashion before the simple update

Θ← −η∇/τθ (4.2)

is applied to the set of all learnable parameters Θ according to learning rate η.
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The work presented here is the first application of MGD toward learning in RNNs, and

we therefore make contact with where RNNs are currently seeing the greatest advantages

in modern computing. Legendre Memory Units (LMUs), and later State Space Models

(SSMs), utilize principled structuring of an input-to-hidden projection matrix, and linearly

recurrent hidden layer, to recoup coefficients to the Legendre polynomials in the form of

neuronal activations for a specified sliding window of time over a signal or sequence. These

dynamics accommodate improved history-informed representations at any given moment in

the recurrent state, and therefore promote more effective temporal learning and smoother

gradient initializations. Adopting the common notation of SSM literature, we describe

(and depict, in Fig. 4.1) the associated system of equations accordingly,

x′(t) = Ax(t) +Bu(t) (4.3)

y(t) = Cx(t) +Dx(t), (4.4)

where B projects temporal input u(t) to state space x(t), which is itself subject to the

recurrent transition matrix A. The readout map C projects x(t) to some output y(t).

Note, that A and B are discretized as a function of input length and simulation time

step (according to [67]). As is typical in SSMs, D := 0 and C can represent any sort of

readout mapping (linear, nonlinear, multilayer, etc.), which often uses only the final state

for classification, and in which case we refer to y(t) instead as y. Dropping D, Equation 4.4

becomes y = Cx(t = T ), where T is the length of input. Learning can take place on any of

these active parameters (A, B, and C) with the objective function being associated only

with the final output y. We indeed show that MGD can train the entire system, (projection

B, recurrence A, and readout C). Moreover, MGD is found to increase machine learning

performance and quantitatively improve separability in state representations of input.

When considering the relationship of contemporary SSM literature to an operation-

limited learning algorithm for training an SSM in its recurrent form, it is important to

note that although SSM architectures like S4 [165] employ efficient approximations of

recurrent dynamics according to a convolutional kernel on unrolled time, they do not

instantiate learning in physical in-memory recurrence. Specialized, naturally recurrent

hardware (like the brain), stands to gain from efficient implementations of RNNs rather

than kernel approximations, which are non-physical and require sophisticated training

techniques that would not readily transfer to specialized hardware. This work offers a

proof of concept for on-chip training of physical RNNs that should in theory have access

to some of the many impressive results of modern SSMs on GPUs. We show that MGD
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converges to the true recurrent gradient, independent of parameter count and network

topology, therefore making a strong suggestion that these findings should scale to the

greater scopes implementable in specialized neuromorphic hardware.

We thus propose a method for performing gradient descent in RNNs using operations

that are conducive to on-chip implementation in neuromorphic systems. In Section 4.2,

we demonstrate empirically that MGD converges to the true gradient for the entire state

space architecture, including the recurrent layer. In Section 5.7, we apply this finding

toward machine learning performance on real data and investigate the learning dynamics

of these results according to the ongoing spectral radius of the recurrent matrix. The

class separability of state representations is scored with k-means clustering and visualized

with principle component analysis (PCA). Finally, appropriate candidates for hardware

implementations and suggestions for future work are proposed in Section 5.9.

4.2 Gradient Convergence

Figure 4.2: Alignment of estimated gradient with true gradient over time for increasing state
size N . A grows with N2. The inset shows time-to-threshold over increasing parameter count
(N2), for different selected thresholds.

The first step in demonstrating the efficacy of MGD gradient estimation for recurrent

systems is to examine the alignment of estimated gradients with the true gradient ∇0,

which is here computed with BPTT on random samples from the ECG-5000 dataset. In
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every case ∇0 is corroborated in the perturbative context with the finite difference (FD)

method in the limit of ϵ → 0. It is found that BPTT and FD are always in alignment.

Although the FD is an excellent gradient estimator, it requires an entire forward pass per

parameter, so at best it may here serve as a watermark for perturbation-derived gradient

estimation, and not as a viable hardware-efficient learning algorithm itself.

Fig.4.2 shows the MGD gradient approximation method converging to the true backpropagation-

derived gradient for all parameters associated with the recurrent matrix A, which scale with

the state size N according to N2. Note, the full A-B-C architecture is used in the forward

pass and the gradient is estimated specifically for A through multiplexed perturbations on

its respective parameters only. Again, referring the reader to [103], it is important to realize

that gradient descent does not require the true gradient, but rather only an approximation

that is in positive alignment (the same direction) as the true gradient. This insight is also

the nature of stochastic gradient descent (SGD) [84], one of the most common variants on

pure backpropagation in machine learning. We see here that MGD indeed is immediately

in positive alignment, even after just one iteration. Therefore it is sufficient to set a low

threshold for alignment convergence to benefit from improved scaling (see Fig. 4.2 inset).

The MGD estimated gradient should always be in alignment with the true gradient, so

long as a perturbation is not made exactly orthogonal to the gradient. This is because a

perturbation that either increases or decreases the cost equivalently gives the same amount

of information. Even for a single parameter, a perturbation that is orthogonal to the cost

is extremely unlikely. A smooth, descending loss landscape, for example, would have only

exactly two directions that could be orthogonal to the gradient. En mass it would be

virtually impossible that perturbation information in the cost would be outweighed by

orthogonal noise.

It is also found that the B and C parameter groups converge to the true gradient ac-

cording to MGD, including in the presence of up-or-downstream recurrence. This finding

prompts an investigation into a layerwise training scheme (collecting the gradient for each

layer at every iteration separately), and it is found that all parameters converge together.

Simultaneous gradient estimation across all layers does result in a reduced final alignment

with respect to the total gradient, which is likely due to weight diffusion, but the alignment

is still always positive and therefore sufficient for effective gradient descent, which we will

see in Sec. 5.7. All of these findings extend to batching in an SGD fashion (i.e., τθ = τp =

batch size, and τx = 1). Like SGD with backpropagation, batch size does negatively cor-

relate with gradient accuracy (linearly), and like with backpropagation, this is found to be
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an asset for more regularized learning. In the case of RNNs trained with MGD, this may

even result in better recurrent stability, as we will also explore in Sec. 5.7.

Having seen that MGD accurately converges on the true gradient, and is already in

positive alignment with the true gradient in early iterations, we may now apply these

findings to recurrent learning in RNNs on real data.

4.3 Results and Analysis

To give insight on training RNNs with MGD, we here consider a number of architectures,

analytics, and visualizations. Precise details on datasets and implementation techniques

are available in section 5.8 and moreover through the public git repository associated with

this work.

Figure 4.3: ECG-anomaly performance for increasing N over multiple initializations (five
seeds each with randomness in the readout and perturbation draw). It can be seen that the
variance is fairly low, and the performance is fairly high, even for small state sizes. This
suggests a robustness to random variations in the model.

Please refer to Fig. 4.1 for a diagrammatic overview of the general architecture used

in the results below, adopted from state space model literature. For the entire sequence

length input is projected to the state x ∈ RN according to B ∈ RN and is subject to

the recurrent transition matrix A ∈ RN,N , both of which are pre-derived and discretized

according to the HiPPO initialization [67]. Once the input phase is complete, the final

state x(t = T ) is mapped to some output y according to readout C and subsequently to

an objective function (e.g. cross-entropy loss). C can stand for any number of readouts,
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such as a multilayer perceptron, or a linear readout, all of which are suitable for training

with MGD. We refer to the trainable parameters in a learning regime accordingly (e.g. an

ABC-training model, or a C-only model).

4.3.1 Learning

As a first look into training RNNs with MGD, we consider the 5000-sample ECG-Anomaly

detection task, which involves natural data in the time domain. We see this dataset is

handily solved for a range of state sizes in Fig. 4.3, implicating trainability of both small

and large recurrent networks with MGD. Fig. 4.4 visualizes the system as it learns to

separate heartbeat classes with a test accuracy of 99%. In all cases, A,B, and C are

trained together, and it is found that the model could utilize either a linear single-layer

readout map or a nonlinear MLP with to a roughly equivalent effect.

Figure 4.4: (Top) Validation accuracy and loss during training. (Middle) Ongoing spectral
radius of A during training, which proves to be stable. (Bottom) The magnitude of updates
being made to A, implying stability is not due to a placid update regime.

Importantly, the temperament of the recurrent layer proves to be fairly self-regulating

when perturbed with MGD. Fig. 4.4 demonstrates the stable behavior A over the course of

learning according to its spectral radius (its absolute maximum eigenvalue). When training
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RNNs, this is not always guaranteed, as subtle changes in the recurrent layer can result in

runaway dynamics that disable learning. Even BPTT often requires optimizers to maintain

such balance. Generally, it is advisable to enforce the spectral radius of a fixed recurrent

system to unity [159], as anything else should compound recurrent updates on themselves,

resulting in runoff dynamics. Conversely, a small spectral radius can result in system

dissipation that is too rapid to use for a learning scheme. However, it is observed with the

MGD learning algorithm that the spectral radius tends to hover near unity, either above or

below, without running off. This is an unexpected and convenient result which may follow

from MGD’s noisy estimations of the true gradient providing natural regularization. If the

parameters make contact with a runoff region in the gradient, there would likely be several

update iterations available to recognize this threat to cost minimization and move toward

more stable regions. This reasoning is supported by how the gradient alignment becomes

increasingly noisy as performance rises and the perturbation-to-loss ratio ϵ/cost increases.

The resulting stability is observed over a wide range of parameter settings, loss functions,

and readout maps (both linear and nonlinear), suggesting a rich parameter space for which

MGD training responds smoothly to input.

In support of observed stability in A, we can refer to Fig. 4.5 and see that under a

variety of conditions and initializations, training that involves the recurrent layer consis-

tently performs well. A proves to be the most powerful single-trainable layer configuration,

and A is involved in the top three highest performance means and the highest absolute

performance. Training A, B, and C together results in the most stable performance with

the least variance. Training C alone is the weakest classifier (though this still performs

well), even given that it takes the pure HiPPO initialized SSM outputs as input. Notably,

training B and C together results in strong performance, though B is associated to the

objective function only through A, so the recurrent component is still integral. A is also

stable for increasing state size N , and does improve performance with size, as seen in Ta-

ble 4.2. Given these results, and robustness seen to state size and random seeds in Figs.

4.3 and 4.5, we can expect on an empirical basis that training A with MGD is prone to

stability. Importantly, this same stability is not found using BPTT, which only was able

to produce similar performance when using the Adam optimizer [90], a method unlikely to

match hardware using dedicated circuits for computation.

4.3.2 Separability

From a theoretical standpoint, for a given input signal over a specified sliding window in

time, a state space is recouping the Legendre polynomial coefficients associated with that
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Figure 4.5: Hyperparameter sweep over all possible sets of trainable parameters with state
size limited to N = 32 (to better tease out performance and for faster run time), with ten
random seeds rerun for each configuration. Models all use a two-layer [N ,N ,1] MLP as their
readout map C and learning rate is always normalized according to the parameter count and
batch size (see 5.8). Generally, all configurations perform well and always tested over 93%.
This is a typical box plot where the box center line corresponds to median, the upper and
lower box bounds to the upper and lower quartiles, the whiskers to a 1.5x interquartile range,
and circle-markers to outliers.

Table 4.2: A Few Highlighted performances.

dataset N C loss Accuracy
ECG-Anomaly 128 Linear MSE 99.0%
ECG-Anomaly 128 MLP CE 99.0 %
ECG-Anomaly 32 MLP CE 98.5 %

ECG-5000 256 MLP CE 93%
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signal in its state activations to an order corresponding to the number of neurons in the

state. This encodes history-related temporal information in the state vector at any given

moment in time. While this is precisely the case at initialization, once training begins,

state space dynamics will have no such guarantees. It becomes a question of interest then

what sort of states are produced and what is their quality with respect to the learning task?

The latter requires a metric for success in terms of state quality, which is readily available

for estimation by a number of proxy metrics, all of which may be cast as statements of

separability, by which we mean how easy is it to separate different states produced by the

RNN with respect to their associated input class?

A first metric, as we have already seen, is of course raw classification performance.

States more amenable to the classification task will be more classifiable because they are

more separable. To isolate this metric from the readout map C, which is itself trained by

MGD, we may also employ a simple logistic regression classifier over all states generated

in response to a dataset to estimate the linear separability of the states produced before

and after the MGD training procedure. We find that having trained A during a full ABC-

training round essentially always improves logistic regression performance, and by as much

as 5%, which we here take as a metric for improved linear separability.

Another method to assess state quality in terms of the separability of class representa-

tions is by way of K-means clustering, an unsupervised learning algorithm that clusters

inputs optimally over a given number of centroids by ascertaining the centroid locations

that produce the minimum distances to every data point. A classification accuracy can

furthermore be produced by determining which centroid-to-label pairings result in the best

classification. So as not to conflate this with our MGD model performances (which are

better), we will refer to this as a separability score, because this is a good metric for

determining how well separated class-associated data points are in any high dimensional

space. Fig. 4.6 well illustrates the improved separability of state space representations

for the multiclass ECG-5000 dataset (details in Sec. 5.8). We see a considerable boost in

separability score (over 10% increase) as a function of MGD training, which itself produces

a training accuracy of 93% with 256 states.

4.3.3 Dynamics

Beyond separability of the final state representation, a question also arises as to what

sorts of dynamics are at play in higher-dimensions over time. PCA enables us to project

these higher dimensions onto their components of maximum variance, and if this variance

is taken across all states over all time and all inputs, we can appropriately compare the
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Figure 4.6: Final state vectors for every input in the multiclass ECG-5000 test set projected
onto their first two principle components, and grouped according to the k-means clustering
algorithm. The left plot is before the recurrent matrix A was subject to MGD training and the
plot on the right is after. It can be qualitatively seen that training improves and quantitatively
measured by the improved separability score (k-means accuracy).

Table 4.3: MGD-Related Operation Scope of Selected Neuromorphic Hardware

Hardware On-Chip Local Memory Analog Recurrent RNG Broadcast MGD-RNN Potential

Intel Loihi 2 ✓ ✓ ✗ ✓ ✓ On/Off Chip ✓

BrainScaleS-2 ✓ ✓ ✓ ✓ ✓ On/Off Chip ✓

SpiNNaker (1 & 2) ✗ ✓ ✗ ✓ ✓ Off Chip ✓

trajectories of high-dimensional input-driven state representations over classes. Referring

to Fig. 4.7, we see that indeed states take on class-specific dynamics after being trained

with MGD, and moreover that class separability across time is improved by training with

MGD. Before training, class representations encircle each other throughout input duration

and are often in close proximity (including in the final state). After training, it can be

seen that class trajectories immediately separate from their common starting point and

continue to separate throughout the input duration.
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Figure 4.7: (Top) Mean state trajectories by class before and after training with MGD on
sequential MNIST digits. Qualitatively, it is clear that paths are better separated post training.
(Bottom) Quantifying temporal separability with mean pairwise inter-class distances of state
representations over time. This is a proxy measure for separability and we see it is improved
by training with MGD.
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4.4 Methods

4.4.1 Simulations

Because training state space models in their recurrent (non-convolutional) form is not

common practice, a codebase has been developed for this express purpose, and is publicly

available at https://github.com/ryangitsit/recurrent-mgd, with directions to repli-

cate primary results of this paper.

Simulations of recurrent neural networks can be executed in a number of ways, with

the forward Euler method being the most straightforward choice and requiring the fewest

steps of approximation. This, and the requirement to broadcast functions over non-trivial

structures, make the JAX programming language a natural choice. A single simulation

step directly follows equations 4.3 and 4.4, which can be batched in parallel over many

examples simply by adding another dimension to input u and output y. Time is iterated

over with the jax.lax.scan function and parameter updates are broadcast with jax.tree.map

to all parameters at once.

4.4.2 Training and Testing

The objective function is applied to the final output of y(t = T ) as mapped according to

readout C from the final internal RNN state x(t = T ). Therefore, the temporal components

of the system are the input signal, the state to which the input signal is projected, and the

state transitions. This is a typical scheme in SSMs and a reasonable approach for hardware

implementations.

4.4.3 PCA and K-Means Clustering

K-Means clustering is used in a typical unsupervised fashion and accuracy on the test

set is derived by optimally assigning classes to each cluster post-hoc. This is all done

as a proxy for estimating how separable states are in high-dimensional space in order to

quantitatively complement the visual separability of plotting PCA trajectories, which are

themselves averaged over all state-space-paths for each sample with respect to class for the

entire sequential MNIST dataset.

4.4.4 Datasets

The ECG-Anomaly dataset has 5000 samples, each of length 140 ms (and 140 data points),

with a roughly even split of normal and anomalous heartbeats. The full multiclass ECG-
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5000 includes more resolved classification over the anomalies for a total of five classes,

which are steeply unevenly distributed. The training set has only 500 samples, and the

test set, 4500. Few shot learning is required on the least-common classes.

4.4.5 Learning Rate

Explicit learning rates, and potentially decay, are the most straightforward to implement

in specialized hardware, and we therefore constrain ourselves to only these techniques for

deriving η. While it is expected that performance should improve with optimizers borrowed

from machine learning, it is unreasonable to expect these multifaceted computations to sit

well into dedicated circuits. We instead use the normalization equation from [103], except

for that we count the number of parameters K according to how many times each weight

is touched for one sample through time. Thus, we set

Γ = c · δ2
√
K
√

1 + (K − 1)/τθ (4.5)

η := 1/Γ (4.6)

where δ is the magnitude of perturbation size being used globally, τθ is essentially batch

size, and c is a variable coefficient, but is almost always set to the number of classes in the

dataset.

4.5 Discussion and Hardware

Having seen that SSM-RNNs can be trained with MGD using only a simple set of oper-

ations, minimal iterations, varying state sizes, and for a large range of hyperparameters,

the question then becomes what tasks can this method scale to? Given that MGD has

been shown to estimate the true end-to-end gradient for an SSM, it is reasonable to aim

for many of the impressive results and scales produced in SSM literature, culminating in

competitive LLM performance. However, such results involve kernalized approximations

of RNNs (reducing N2 → N) and are heavily optimized for GPUs, which is another case

of adapting AI to modern hardware. However, there are an increasing number of efforts

to develop hardware for the explicit purpose of intelligence, and especially brain-inspired

intelligence, in the form of neuromorphic computing.

MGD generally offers a viable path for training unconventional systems, and the work

presented here extends this viability to RNNs, where neuromorphic computing stands to

shine most over conventional hardware by virtue of natural recurrence, in-memory compute,
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and physically instantiated native activation functions. Table 4.3 includes just some of the

forerunners in the neuromorphic hardware field [15,19,83], all of which host the operations

necessary to implement MGD toward the training of recurrent networks. This list is not

necessarily comprehensive, but rather an example of how to map hardware features to MGD

requirements. Candidate in-development hardware also exists, such as superconducting

optoelectronic networks [32, 120]. All of the above offer spiking communication (but not

exclusively) and it is therefore of interest that spiking-SSMs have been shown to outperform

even transformers on long-range dependency sequence tasks [179], and given that for the

selected spiking dynamics surrogate functions were sufficient to train the system with

BPTT, it should follow that this spiking architecture has sufficiently smooth gradients to

be trained with MGD on-chip.

A natural extension for future work is to make these suggested hardware implementa-

tions a reality. Even prior to hardware, further extensions in the simulation domain can

be accessed. Simulated spiking RNN implementations will advance the coupling of MGD

to existing hardware efforts. Deep SSMs in the large language model domain would also

strengthen the case for scalability. However, as neither RNNs nor MGD are best suited

for simulations, it is of paramount interest to implement these methods on neuromor-

phic systems first and foremost. This may grant access to speeds and scales previously

unattainable, and perhaps not foreseeable. The combination of in-situ training, RNNs, and

specialized hardware, has not yet been realized and cannot be well mimicked on conven-

tional computers. Thus, we outline an opportunity to train RNNs with MGD on-chip, and

to potentially fulfill the promise of neuromorphic advantage with novel forms of machine

intelligence.
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Paper Abstract

We present δ⃗-Multiplexed Gradient Descent (δ⃗-MGD), a fully neuromorphic algorithm

that consistently performs alongside backpropagation with orders of magnitude fewer gra-

dient component calculations across a number of datasets and network architectures. This

performance is enabled by the finding that perturbative methods perform near-optimally

when parameters are perturbed in the same direction as the true ternary gradient, and

that even a noisy estimate of the gradient yields marked improvements in learning per-

formance and convergence time. We show that local synaptic information can be used to

make strong estimates of the ternary gradient using only presynaptic activation and post-

synaptic bias gradients. Moreover, we find the latter can be cast into learnable class-wise

representations, which we call DeltaVecs. According to these findings we realize a reduc-

tion of Nsamples ·N2
neurons → Nclasses ·Nneurons in terms of gradient components that must

be explicitly computed per epoch. We further find that astrocyte-inspired subnetworks

are able to learn DeltaVec representations in order to drive gradient-informed perturba-

tions. Finally, we stack these methods together and show that using only neuro-inspired

hardware-friendly operations we can perform alongside backpropagation in networks on

the scale of millions of parameters, in DNNs, CNNs, and even transformers. Altogether,

we offer an algorithm implementing novel machine learning methods and neuro-inspired

operations to realize compelling neuromorphic intelligence.
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Figure 5.1: MGD with gradient-aligned perturbations: As the percentage of perturbations
that are directed into signed-agreement with the ternary gradient increases, performance and
convergence time are both improved.

5.1 Introduction

Neuromorphic computing offers a viable path toward specialized hardware for artificial in-

telligence by leveraging neuro-inspired physical-computing advantages for improved design

of intelligent systems. A key challenge in neuromorphic computing is the development of

hardware-suitable learning algorithms that are competitive with the backpropagation per-

formance that drives nearly all learning in modern AI on traditional hardware. This work

proposes a novel connection between astrocytes and perturbative methods, finding that

astrocyte-like subnetworks can use locally-estimated compressed gradient representations

to drive perturbations in order to realize massive performance gains.

We present δ⃗-MGD, a hardware-friendly neuromorphic learning algorithm that consis-

tently performs alongside backpropagation across a number of datasets and network archi-

tectures, including DNNs, CNNs, and transformers (preliminary), with orders of magnitude

computational savings that grow with network size. δ⃗-MGD is enabled by a sequence of

novel observations and techniques that culminate in a fully neuromorphic learning scheme.

These findings are enumerated below, with labels corresponding to their respective section

numbers:

[I]Gradient-aligned perturbations (MGD-aligned): Perturbative methods can

achieve backpropagation-like performance by aligning perturbations with a low-precision,

noisy gradient estimation, as seen in Fig. 5.1. Local gradient estimation (Heb-

bian MGD): Using a Hebbian-like correlation of locally available information, a

gradient estimation can be made to inform perturbation directions and implement
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MGD-aligned. Class-wise bias-gradient representations (DeltaVecs): Bias

gradients are found to have significant per-class structure that enables a massive

reduction in the gradient search space, and offers a path to compact gradient rep-

resentations with persistent viability over time. Intelligent subnetworks (astro-

cytes): Astrocyte-like subnetworks can serve to intelligently drive perturbations in

more useful directions. In particular, they are able to efficiently learn, or sample,

bias gradient representations and apply them according to local information in order

to drive gradient-informed perturbations. Fully neuromorphic implementation

(δ̃-MGD): δ⃗-MGD achieves backpropagation-like performance at a fraction of the

operational cost by using astrocytes to estimate local class-wise gradient representa-

tions and drive aligned perturbations.

Sections I-V present standalone findings that together support the final algorithm δ⃗-MGD

of Sec. 5.6 and lead to the final results in 5.7. These findings mark a successful case of

neuro-inspired improvements to hardware-compatible machine learning performance and

are believed to be state-of-the-art perturbative performance in terms of accuracy over

efficiency quotient [103,177,178,180,181].

5.2 Gradient-informed perturbations

We find that aligning perturbation vectors with a low-precision gradient estimate yields

massive performance gains by maximizing perturbative signals measurable in the global

cost. This finding is applied in the context of the multiplexed gradient descent (MGD)

framework, which when directed with gradient-informed perturbations is referred to as

MGD-aligned.

5.2.1 Perturbative Methods

Generally, perturbative methods correlate local parameter changes with a global change

in cost in order to estimate the network gradient. Multiplexed gradient descent (MGD)

[177] is a model-free gradient-descent framework through which perturbative methods,

such as SPSA [178, 180] and finite-difference [100], can be implemented with hardware

conscientiousness by introducing a trio of time constants τx, τθ, and τp governing the

perturbation process. For example, SPSA is realized within the MGD framework when

τθ=1 (simultaneous perturbation of all parameters) and τp = 1 (updating parameters after

every round of perturbations). Perturbations are drawn from a Bernoulli distribution where
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each value has an equal and independent chance of being assigned ±ϵ. In SPSA, gradients

are estimated for the ith parameter according to

∇̂i ←
∆C · θ̃i

ϵ2
≈ ∆C

∆θi
≈ ∂C

∂θi
(5.1)

where ∇̂i is the ith component of the estimated gradient and ∆C is the measured change

in global cost with respect to an unperturbed forward pass. Referring to Fig. 5.2 (top),

we see that the true sign of parameter-wise ∆Ci is not always correctly represented by the

aggregate measure ∆C. This is because SPSA cannot directly measure each contribution

∆Ci, but rather only sees their aggregate through total change in network cost ∆C. The

finite difference method [100] perturbs parameters one-at-a-time to measure perfectly their

individual contributions to cost ∆Ci, but pays for this estimation accuracy with required

forward passes per gradient-estimate scaling with the total number of network parameters

NΘ. MGD benefits from a more practical approach whereby repeated applications of Eqn.

5.1 with freshly drawn perturbation vectors will strengthen the statistical correlation of

each estimated component with its true gradient by way of temporal integration. Increasing

integration time τθ up to τθ = NΘ will recoup the same estimation accuracy as finite

difference [178], but again at the cost of NΘ scaling. A key finding of MGD, however, is

that perfect gradient estimations are not required to perform gradient descent, and that

hardware efficiency and machine learning performance can be balanced by moderating

τθ [103].

Table 5.1: Gradient calculation methods, estimation
strength, scaling, and hardware viability.

∇ Method ∂C
∂θi
∝ ∆C

∆θi
Scaling HW-friendly

Backprop Perfect O(bp) ✗

Finite Difference Very Strong O(NΘ · fp) ✓

MGD(τ = 1) (SPSA) Weak O(fp) ✓

MGD(τ = T ) Dependent O(T · fp) ✓

MGD(τ = NΘ) Very Strong O(NΘ · fp) ✓

MGD-Aligned Very Strong O(fp) ✓

bp = one backward pass, fp = one forward pass

The performance/efficiency tension is thus as follows (as listed in Table 5.1): If τθ = NΘ ,

gradient estimations are very strong, but scaling the network will punish convergence time.

On the other hand, if τθ = 1, gradient estimates are poor, but there is no punishment for
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Figure 5.2: (Top) Undirected MGD: Weights are subject to random perturbations θ̃

sampled from ±ϵ. Each perturbation θ̃i affects the cost of the network, changing it by ∆Ci.
∇̂ is estimated according to ∆C · θ̃i/ϵ2 ≈ ∆C/∆θ̃i for each component, and we can see
here that the sign of this estimate is not always in the same direction as what would have
been produced if ∆Ci were known creating a mismatch between estimated gradient ∇̂ and
true gradient ∇. We can also observe, that the estimated gradient components that have the
correct sign correspond to the majority of true total gradient magnitude, which is proportional
to the unknown values ∆Ci. This is why undirected MGD still performs gradient descent, even
if inefficiently. Conflicting contributions to cost are analogized to the disorderly stick-figure
efforts depicted alongside the worked example. (Bottom) MGD-Aligned: Here we observe
a straightforward remedy to the self-cancellation of undirected-MGD. When perturbations
are directed such that a common sign will be produced by all ∆Ci components, all of their
respective impacts on the network are accounted for in the ∆C measure, whose magnitude is
thus increased. Each parameter is still updated with correct signage according to Equation
5.1 and we see all estimated components align with the true gradient.
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scaling the number of parameters in a network. In general, we would like to maximize

gradient estimate accuracy and minimize integration time. A long standing open question

of perturbative methods is whether the performance/efficiency ratio could be improved by

more selective perturbation vectors. To answer this, we first investigate where misalignment

is accumulating according to random perturbations.

5.2.2 Washout

If a parameter is perturbed alone, the change in cost might be measured as being in a certain

direction, but when that same perturbation is obfuscated by the result of all parameters

being perturbed simultaneously, the change in cost may be measured as being in the

opposite direction. Eqn. 5.1 approximates a measurement of the true gradient component
∆Ci
∆θi

with the efficiently measurable value ∆C
∆θi

. This approximation simplifies the task of

measuring perturbation-to-cost correlations one-by-one to a single measurement of how all

perturbations associate collectively with a change in global cost. Each ith parameter is

affected by its own perturbation θ̃i, which can be then be related directly to the total ∆C.

Again referring to Fig. 5.2 (top), we see that the true parameter-wise contribution to cost

is not always represented in the measured change in global cost. For example, the dark

red weight is subject to a positive perturbation, and a positive change in global cost is

measured. This drives our Eqn. 5.1 estimate to assume that making this parameter bigger

is increasing the cost of the network, suggesting a positive gradient and negative update.

However, we see that in reality this parameter is associated with a negative contribution to

the cost, meaning that increasing this parameter value would further minimize loss. This

should ideally result in a negative gradient estimate and positive update. We therefore find

that undirected MGD, which employs random Bernoulli perturbations, necessarily suffers

from some percentage of parameters receiving erroneous updates. This is caused by their

contributions to the global cost being canceled (washed out) by conflicting contributions

from other parameters.

This characterization of the perturbation-cost relationship lends itself to a number of

useful insights. First, in undirected MGD each parameter might receive a good, bad, or

neutral update according to the sign agreement of ∆C and ∆Ci. The neutral case is

that of weight diffusion [181], whereby updates are made to a parameter despite it having

no correlation with the cost. Second, because local correlation is estimated according to

Eqn. 5.1, and the measured change in cost is determined by ∆C =
∑NΘ

i ∆Ci, the sign

of ∆C will always represent the group of parameters that correlate with the majority

impact on cost. Realize that each ∆Ci is determined by its corresponding θ̃i. When
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the sign(∆Ci) = sign(∆C) then the estimate is in the correct direction. Because per-

parameter perturbations are what drive ∆C, the group of parameters with the strongest

collective correlation to the cost will always determine the sign of ∆C and receive good

updates. Equivalently, this implies that the angle between the estimated gradient and

the true gradient should always be acute cos(∇̂,∇) < 90◦ by virtue of the majority of

gradient magnitude being represented by correctly-aligned estimates. This new insight is

empirically supported in [103] and preempts the basis for deriving perturbation vectors that

will maximize performance by minimizing washout and improving gradient estimations.

5.2.3 MGD Aligned

By inspection of Fig. 5.2, we can see that whatever the true gradient for a given component

is, a set of perturbations exists such that a common sign is produced among all compo-

nents ∆Ci, thus maximizing perturbative visibility in the cost, and guiding all component

updates in the right direction. Enforcing this perturbative signal maximization is exactly

equivalent to directing all perturbations into signed-agreement with the true ternary gra-

dient, such that the correct relationships to their true gradient directions will be realized

across a common direction for the measured change in cost. The same result is seen when

perturbations are all directed together in the anti-direction of the ternary gradient, thus

flipping ∆C. The key detail is that all perturbations should have the same correlation

with the true gradient. To confirm this intuition, we turn to empirical measurements. We

define an agreement measure Λ that computes the ratio of components in a vector A that

are in ternary-signed agreement with those in another vector B

Λ =

∑N
i=0[sign(A) = sign(B)]

N
, (5.2)

where N is the total number of components. Fig. 5.1 compares three different perturbation

vector conditions against backpropagation, where 0%, 50%, and 100% of perturbation-

vector components are enforced to agree with the true ternary gradient. When 100% of

components are subject to this condition, Λ = 1. The effect of Λ on performance in terms

of accuracy and convergence speed is unambiguous: the higher the Λ value, the better the

accuracy and the faster the convergence. For Λ = 1 MGD performance adheres closely to

that of backpropagation. We define MGD-aligned to be the case where Λ(θ̃,∇) ≈ 1, in

contrast to Undirected MGD whose Bernoulli perturbations only result in cos(∇̂,∇) < 90◦.

We find that MGD still performs gradient descent anywhere on the agreement spectrum

from undirected to aligned. This shows that noisy estimations of the ternary gradient suffice
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Figure 5.3: MGD vs SignSGD for different agreement ratios. SignSGD applies θ̃ directly as a
parameter update, whereas MGD utilizes θ̃ as a perturbation vector. On the far left algorithms
receive a random Bernoilli vector of ±ϵ values for θ̃. On the far right, θ̃ = ϵ · sign(∇) such
that Λ = 1. Each data point is the best performance of a sweep over ten learning rates, as the
effective learning rate may be shifting for different θ̃ distributions, which is likely the cause of
the imperfect bowing in MGD performance.

for performance improvements. While it may be tempting to apply the ternary gradient

directly toward learning, as is the case with SignSGD [182], we see in Fig. 5.3 that this

approach is considerably less robust to noise. It should be stated that the motivation for

SignSGD is to efficiently communicate gradient information across GPUs, rather than to

realize neuromorphic learning on specialized hardware. The reason MGD is so much more

noise tolerant is that updates are made proportional to ∆C, which is itself an empirical

measure of how strong the ternary gradient estimate is correlated with the true gradient

of the network. However, as already seen in Fig. 5.1, noisy perturbation vectors still cost

in terms of performance and convergence speed. We are therefore motivated to investigate

neuromorphic means for making strong ternary gradient estimates online and enable the

scaling advantages outlined in Table 5.1.

5.3 Hebbian MGD: Deriving Ternary Gradient from Local
Information

To access the performance gains of MGD-aligned, an estimate of the ternary gradient

is required. Computing the gradient analytically, ternary or otherwise, is infeasible in

dedicated hardware and we therefore propose a gradient-estimation method that is suitable

for in-situ hardware implementation.
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5.3.1 Estimation by Local Information

Perturbative methods can be implemented according to neuromorphic operations, but

suffer with parameter scaling. This is unfavorable given that the number of learnable

parameters (weights, biases, etc) NΘ in a network scales roughly squared with the number

of of neurons in a network NΘ ∝ N2
n. However, upon closer inspection of the problem

space, as depicted in Fig. 5.4, we see that for any given weight parameter Wij connecting

neuron ni with nj , the partial derivative with respect to the cost function is given by the

presynaptic activation ai and the postsynaptic error term δj . Presynaptic activation is

simply the value computed during a forward pass by a weight’s upstream neuron and is

available locally at the site of derivation. The postsynaptic delta is the bias gradient at

the downstream neuron δj =
∂C
∂bj

, which can equivalently be thought of as the gradient at

the postsynaptic neuron.

Figure 5.4: Any given network weight connects exactly two neurons ni → nj . Its local
gradient ∂C

∂Wij
is given by the activation value ai of the upstream neuron ni, and the delta δj

of the downstream neuron nj .

The consequence of this relation is that the gradient need only be computed for every

neuron Nn in a network rather than for every element NΘ, where NΘ >> Nn. The

reduction of RNΘ → RNn immediately enables improved scaling for perturbative gradient-

estimation methods. This same insight underpins the node perturbation learning algorithm

[180, 181, 183, 184], where finite difference is used to compute only bias gradients, which

are applied along with presynaptic activations to perform single-layer backpropagation.

Similar to SignSGD, however, node-perturbation is less noise robust than MGD as it

expands on any error in gradient estimation by propagating it to other elements. MGD-

aligned instead weights updates according to a true measurement of the gradient estimate’s

strength, making it robust to noise as already demonstrated in Fig. 5.3, though we still

may opt to employ single-layer backpropagation for the final layer only, where it is an

exact, local computation. For the remaining layers, only the signs of ai and δj , reducing

the resolution of the task from full-precision to ternary values according to

sign
( ∂C

∂Wij

)
= sign(ai) · sign(δj). (5.3)
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This approach is attractive for specialized hardware implementation because activation

values are available locally, only Nn ternary gradient elements need be estimated, and

only a local ternary multiplication is required for each weight in the network, all of which

are desirable qualities for dedicated circuit operations.

5.3.2 Thresholding

The measurement of presynaptic activation ai is accompanied by a caveat not previously

addressed in our above implementation of MGD-Aligned. Presynaptic activations are a

per-sample quantity. Moreover, dedicated in-memory hardware generally favors sample

serialization over batching. Therefore, we must estimate the ternary gradient on a per-

sample basis. A nontrivial issue arises in this regime whereby batch-averaging would

have to occur over ternarized gradients rather than full-precision gradients. However,

sign(∇̄) ̸= sign(∇). This is because a ternary summation of gradients across components

neglects inter-sample per-component magnitude variance, as visualized in Fig. 5.5 (a).

Ostensibly, using batch sizes of 1 should circumvent this issue, but in fact the effect pervades

to per-sample updates because MGD and MGD-aligned apply uniform magnitude updates

across all components as determined by the ∆C measured for that gradient estimation.

Thus, a component might be very large in the positive direction for one sample, and very

small in the opposite direction for another sample, but still be subject to equivalent size

updates for similar values of ∆C, whose total value may be driven by other components

entirely. The consequence to performance is shown in Fig. 5.5 (c).

The solution to this issue proves to be straightforward and involves only one hardware-

friendly operation. By thresholding every presynaptic activation, we can approximately

capture component-wise variance in our gradient estimation, preserving only the most

significant components in each per-sample estimate. By way of Equation 5.3, replacing a

presynaptic activation with zero results in a zero-value estimate of the ternary gradient.

In the MGD-aligned context, this means no perturbation is made at that component and

thus no update is made. The result is that MGD-aligned is now robust to multiplicative

variance caused by conflicting gradient signs across samples in addition to its intrinsic

robustness to additive noise . See Fig. 5.5 (b) for a visualization. In addition to better

tailoring sample-wise gradient estimations to the larger learning objective, this method

has the added benefit of increasing the signal of the remaining parameter perturbations.

Selecting an appropriate threshold is simply a question of hyperparameter tuning. For a

hyperbolic tangent function, we empirically find that some value marginally less than 0.5

tends to be effective, as shown in Fig. 5.5 (c).
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Figure 5.5: (a) Without Threshold: Perturbations are made for every component. We
see that while the signed direction may be in agreement with the gradient for each component,
the difference in magnitude can widely vary, as seen in component 1. Thus, the inter-sample
per-component variance is high, which is problematic because perturbation magnitude remains
constant. For roughly equivalent ∆C across samples, these parameters will receive the same
size updates in opposite directions. This is possible because intra-sample component-wise
variance can also be high, resulting in magnitudes of ∆C that are driven by the strongest
components, misrepresenting the influence weaker ones. (b) With Threshold: We see that
by setting some± threshold value, small components will neither interfere with more significant
gradients across samples, nor be subject to large updates within a sample according to other
components. (c) Hebbian MGD: We see thresholding is necessary for the network to learn
on a per-sample basis and that it is sufficient to keep pace with full-precision backpropagation
on the CIFAR-10 dataset.
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5.3.3 Hebbian MGD

In summary, we find that pre-and-postsynaptic information can be used to estimate the

ternary gradient in a way that relates local activity with global reward signals and cir-

cumvents the weight transport problem of credit assignment [185] in network learning.

We therefore make the loose analogy to three-factor Hebbian learning [61, 62], and refer

to this method as Hebbian-MGD, implemented as follows: (1) Threshold the presynaptic

activation according to its absolute value, and then ternarize it. (2) Attain a ternar-

ized bias gradient estimation by finite difference or by the novel means presented later in

this work. (3) Compute the estimated sign of network weights accordingly. (4) Use this

signed gradient to define the perturbation vector on a per-sample basis. (5) Proceed with

MGD-aligned learning. Fig. 5.5 (c) demonstrates the efficacy of this method in terms

of machine learning performance with respect to the backpropagation gold standard, but

unlike backpropagation, Hebbian MGD is a viable choice for neuromorphic hardware.

Having shown that MGD-Aligned performance is applicable to the entirely neuromorphic

means of Hebbian MGD, we now turn our attention to further reductions in the problem

space of bias gradient estimations.

5.4 DeltaVecs: Spatio-Temporal Stability in Class-Wise Gra-
dients

We now present DeltaVecs, a new approach for representing bias gradients according to

intrinsic gradient features, allowing for a reduction of the gradient estimation problem

space by 106 elements for a network of about a million parameters, and by larger factors

for growing network size. These findings directly support the neuromorphic algorithm stack

being presented in this paper, but may also apply to advantages in gradient computation

for machine learning at large.

The total number of gradient component computations involved with training a neural

network is given by

O(NΘ ×Nsamples ×Nepochs),

where NΘ is the total number of learnable network parameters, Nepochs is the number of

epochs required to train the network, Nsamples is the number of training samples in the

target dataset, and O(·) gives the total number of gradient computations required to learn

the data. We quickly see these numbers are impractically large. Even the minimal MNIST

dataset has 60,000 samples and might train over ten to a hundred epochs depending on
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learning rate. For a small network with only two hidden layers of 128 neurons each, trained

on MNIST for only ten epochs, there are 70,969,200,000 gradient component calculations

to perform. Hebbian MGD already reduces this space by a factor of Nn/NΘ because

weight derivatives can be attained implicitly from bias gradients. However, the Nsamples

and Nepochs factors remain a nontrivial expense.

Figure 5.6: Ternary agreement (solid lines) and full-precision cosine similarities (dashed
lines) are measured for bias gradients from one epoch to the next during a convergent training
procedure on MNIST.

Fortunately, perturbative methods are robust to noisy conditions, as already demon-

strated in Sec. 5.2. Rather than compute the gradient for every component, sample, and

epoch, why not learn suitable intermediate representations? If gradients have learnable fea-

tures, perhaps there can be shortcuts to calculating them analytically. There is precedence

for feature analysis of neural network gradients themselves [186–190], but because noisy

gradients are not generally satisfactory, as we have already seen with SignSGD, these sorts

of efforts have not yet been effectively directed toward gradient computation shortcuts.

With respect to MGD-requirements, we assess gradient representation quality in time and

space by utilization of our agreement measure defined in Equation 5.2 for ternary vectors,

and cosine similarity for full-precision.

5.4.1 Sample-Wise Temporal Stability

The first finding we present is that the gradient vector for any given sample does not change

drastically over time for a well-conditioned dataset. This is true both of the ternary and

full-precision gradients, as seen in Fig. 5.6. While this does allude to the convexity of the

loss landscape with respect to that sample, this measure is not descriptive of the gradient
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with respect to the entire dataset. Given this finding, we may already implement another

compression to the gradient estimation problem by a factor of NTδ
/Nepoch, where NTδ

is

the number of times the representation of a bias gradient might need to be updated, and

NTδ
< Nepoch. The assumption is that these vectors might be sufficiently stable over time

such that they need not be computed every epoch.

5.4.2 Class-Wise Stability

We see in the left quadrants of Fig. 5.7 that there is no apparent ternary or full-precision

similarity across samples in a batch. However, a surprising richness of features becomes

salient when these same bias-gradient vectors are organized according to class. Class-

common features are cleanly distinguishable even by visual inspection. We can also see the

strongest gradient components in the full precision plot (dark purple and bright yellow),

tend to align most with these class-wise representations, and should therefore be well-

captured in approximations. This offers a massive potential for gradient representation

reduction by a factor of Nclasses/Nsamples. This finding, along with work such as [187–

189], suggests that gradient dynamics are largely driven by the structure of the objective

function, which requires the minimization of error to one-hot-encoded class labels. While

nuanced input data features related to fundamental differences in class are essential for

learning [191], these are quickly mapped to more stable gradient targets (formed by gradient

directions that maximize class-wise alignment [187]) to guide separable representations of

class. This sentiment may also relate to feedback alignment literature [170], which finds

that even arbitrary mappings of cost to gradient estimations can produce network learning,

as well as recent work on learned feedback mappings [192].

5.4.3 Class-Wise Temporal Stability

Finally, we find that the aforementioned temporal stability of bias gradients applies directly

to class-wise representations, measuring Λ = 0.92 between first and last epoch of a con-

vergent network trained on MNIST. Together with the previous structure-enable gradient

compressions, we arrive at the final reduction

O(NΘ ×Nsamples ×Nepochs)→ O(Nn ×Nclasses ×NTδ
), (5.4)

which for our sample MNIST network is

N∇ = 70, 969, 200, 000→ N∇δ
= 319, 200

corresponding to 222, 335× fewer gradient component calculations N∇.
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Figure 5.7: (Top Left) Unsorted ternary bias gradients for a batch of training examples.
Rows correspond to a sample, columns to a gradient component. (Bottom left) Unsorted full-
precision bias gradients. (Top Right) Class-sorted ternary bias gradients. Strong per-class
structure is now salient. (Bottom Right) Class-sorted full-precision bias gradients. Class-wise
structure is also salient in the magnitude of components, implying strong gradient correlation
across samples for a given class.
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5.4.4 DeltaVecs

We therefore introduce DeltaVecs, temporally robust class-wise representations of post-

synaptic deltas (bias gradients) as an asset to efficient gradient computation methods.

Equipped with massive savings in gradient estimation by way of DeltaVecs and Hebbian

MGD, we next propose a way to learn, store, and produce DeltaVecs by neuromorphic

means.

5.5 Astrocytes: Intelligent Perturbation-Generating Subnet-
works

Figure 5.8: Astrocytic Model for Driving Perturbations: A mock-up for poten-
tial astrocytic relationship with perturbative learning. An astrocyte may connect to mul-
tiple synapses and be responsible for modulating their synaptic excitability (perturbing their
weights). They furthermore may be involved with perturbing in favorable directions according
to locally available pre-and-postsynaptic information, and even DeltaVec-like gradient infor-
mation.

We present two findings, (1) that subnetworks offer a viable method for learning, storing,

and estimating DeltaVecs by simple means, and (2) that this configuration maps well onto

known and proposed astrocytic operations in the brain. These two findings complete an

end-to-end stack that can guide perturbative learning to be orders of magnitude more

efficient in a fully neuromorphic way.
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Astrocytes are known to modulate synaptic excitability as a function of network activity

and may participate in learning mechanics such as three-factor learning [63,73–75]. More-

over, a single astrocyte may connect with thousands, or even millions, of synapses [76,77].

Similarly, the learning approaches described thus far in this work aim to drive perturba-

tions as a function of network activity and class context in order to incite Hebbian-like

three-factor learning. While there are myriad parallels to draw, we outline here only one

of many such possible astromorphic computing paradigms.

Fig. 5.8 depicts a proposed model whereby an astrocyte is responsible for parameter per-

turbations, driven according to local activation and estimated deltas. In a multi-astrocyte

scheme, each astrocyte might be responsible for its own class. Indeed, astrocytes have been

shown to have context-awareness even when unsupervised [193,194] and respond to the dy-

namical nature of stimulus [63]. The subset of synapses to which a class-specific astrocyte

is connect could be related to the same subset of nonzero values produced by our aformen-

tioned thresholding mechanism. A fact that supports this suggestion is that astrocytes

have been shown to make local adjustments to their synaptic groups, moving a connection

from one synapse to another as needed. In a supervised setting, neuromodulation might

aid with class awareness, as well as gradient estimation.

A more sophisticated vision for astromorphic computation is where the onus of learning

to estimate DeltaVecs is also an astrocytic responsibility. Due to the strong class-wise

correlations of DeltaVecs, this should not prove inconceivable. The task can be as simple

as each astrocyte sampling its corresponding class-DeltaVec every τδ iterations, and stor-

ing them in its subnetwork weights, which perform the linear mapping A : y → δ⃗. These

DeltaVecs could be sparsely generated only every τδ samples by perturbative learning.

Another version of this implementation could be that the astrocytes participate in online

representation forming of DeltaVecs, with only sparse training examples as determined by

τδ. This hypothesis is tested and it is found that subnetworks are able to learn DeltaVecs

and estimate them online, achieving Λ > 90% across all layers. Finally, astrocytes could

potentially perform a second order optimization by learning to estimate gradient dynam-

ics. While all of these possibilities are compelling, we show in the next section that the

simplest proposed implementation (periodic DeltaVec-sampling) is able to realize superior

neuromorphic performance.
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5.6 δ⃗-MGD: A Neuromorphic Learning Algorithm

Finally, we arrive at a fully neuromorphic algorithm, and we find it reliably performs

within 1% of backpropagation with > 105 reduction factors in N∇ gradient component

computations using only simple hardware-plausible operations across a number of archi-

tectures. We call this method δ⃗-MGD, formally described in Alg. 2. In addition to

Algorithm 2 The δ⃗-MGD Algorithm
2.3.4.5.6.1: Initialize network parameters Θ

2: for i in Nsamples ·Nepochs iterations do
3: Input new training example x, y

4: if i mod τδ = 0 then
5: for class in Nclasses do
6: Compute δ⃗

7: Update representation of δ⃗class
8: end for
9: end if

10: Compute forward pass
11: Store activations a locally, and cost C0 globally
12: Estimate gradient: ∇̂i ← ai · δ⃗i
13: Define θ̃ according to ∇̂i and store locally
14: Perturb all network parameters Θ according to θ̃

15: Perform forward pass
16: Measure change in global cost: ∆C = C̃ − C0

17: Update parameters: Θi ← η∆C · θ̃i · γC0

18: end for=0

incorporating DeltaVecs, there are few changes to previous MGD variants. Firstly, full

precision gradient estimates are permitted as perturbation vectors because they are likely

to estimate the sign correctly, thereby adding better-than-random (or uniform) magnitude

information and offering an alternative to thresholding for the treatment of component-

wise variance. This also implies that when a new DeltaVec is sampled, the update for that

sample will be equivalent to backpropagation. Second, the final update is weighted by the

cost C0, according to coefficient and hyperparameter γ, to better represent inter-sample

variance in gradient magnitude. The added complexity of these additions is negligible, but

if hardware constraints become an issue, activation-thresholded ternary gradient estima-

tions work nearly as well to drive perturbations. The performance of δ⃗-MGD is the best
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Figure 5.9: We find that δ⃗-MGD converges to backpropagation performance on all three
datasets, with smooth and stable learning. While backpropagation reaches similar performance
more quickly, it is requiring thousands of times more gradient component computations, which
would not be implementable in neuromorphic hardware. δ⃗-MGD uses only sparse hardware-
friendly gradient estimation methods for the same performance.

of any in the MGD family of algorithms, is entirely neuromorphic, and closely adheres to

backpropagation, as seen in Fig. 5.9 and enumerated in terms of performance and savings

in Sec. 5.7.

5.7 Results

See Table 5.2 for an overview of performance results. We find δ⃗-MGD is poised to cope

with millions of parameters effectively with orders of magnitude computational savings. It

is worth noting that these savings may be even more dramatic depending on the hardware-

specific expense of forward versus backward passes. Efficiencies outlined by our N∇ calcu-

lations could be considerably compounded by the speed and energy efficiencies of dedicated

hardware. While listed savings are exactly true with respect to the factor fewer gradient

component calculations required by δ⃗-MGD, a complete comparison of total speed, effi-

ciency, and performance, whether with respect to backpropagation or neuromorphic means,

can only be fully understood on a per-hardware basis and as a function of implementation

optimization. We expect δ⃗-MGD to benefit from competitive hardware implementations.

Furthermore, these mechanisms map to more sophisticated network architectures such

as CNNs and transformers. For CNNs, DeltaVecs are computed in the convolutional layers
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Table 5.2: δ⃗-MGD vs Backpropagation, Performance and Efficiency

Network Dataset BP δ⃗-MGD % BP ×Savings

3*

Dense
Net
128x128
NΘ=411,146

MNIST 97.9% 97.2% 99.3% 2 · 105

Fashion 87.9% 87.2% 99.2% 2 · 105

CIFAR 51.9% 51.2% 98.7% 8 · 105

3*

Dense
Net
1024x1024
NΘ=855,050

MNIST 98.6% 98.2% 99.6% 5 · 105

Fashion 88.0% 88.8% 100.9% 5 · 105

CIFAR 55.2% 54.8% 98.0% 1 · 106

3*

CNN
6C+4D
NΘ ≈
106

MNIST 99.4% 99.2%a 99.8% –

Fashion 92.3% 90.3%a 97.8% –
CIFAR 74.0% 70.9%a 95.8% –

3*

Transformer
NanoGPT
NΘ ≈
108

Shake- val loss val loss

speare 3.0 3.b 95.0% –

aFor implementation simplicity, Hebbian MGD used here.
bReduced training set size, only projection matrices trained w/ δ⃗-MGD,
remainder w/ backpropagation.

for kernel weights rather than biases because they are less numerous, and then applied

toward Hebbian MGD. Transformer results are with respect to δ⃗-MGD training projection

matrices in NanoGPT [195] on the Shakespeare next token prediction task [196]. The

remainder of parameters are trained with backpropagation. We find that all but the the K-

cache parameters have stable DeltaVecs, but that per-sample implementation is sufficiently

complex to save for future work, though these results encourage the potential for energy

savings in large language models.
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5.8 Methods

All simulations are implemented on GPUs using the JAX Python package [197]. A func-

tional repository and code to produce all plots can be found at: https://github.com/

ryangitsit/delta-mgd. Anytime two algorithms are compared, the best of their perfor-

mances over a relevant hyperparameter sweep are presented. Adam optimizer and decay

are used for final results only.

5.9 Discussion: Gradient Dynamics, Astrocytic Learning, and
Hardware Implementations

We began this work with the empirical finding that a perturbation is improved by increas-

ing sign-agreement with the true ternary gradient, thereby founding MGD-aligned. We

then determined a hardware plausible method for computing the ternary gradient with lo-

cally available information using Hebbian-MGD. Next, by introducing DeltaVec class-wise

representations of postsynaptic bias gradients, we show the problem space of ascertaining

the postsynaptic information required by Hebbian MGD is reduced by several orders of

magnitude, and we then show this is a task well-suited for astrocyte-like subnetworks.

Finally, we observe that this stack of hardware-viable neuro-inspired mechanisms achieves

backpropagation-like performance at a minuscule fraction of required gradient-component

calculations for dense networks, CNNs, and transformers. These findings realize a number

of implications across neuroscience, physical hardware, and machine learning.

Neuroscience: Astrocytes and perturbative methods may be strongly related in terms of

their phenomenology and computational role in learning. Future work ought to focus on

more tightly coupling known biological dynamics with perturbative methods.

Hardware: Global broadcast (reward signal), local perturbations, local memory, minimal

finite difference, Hebbian-like mechanisms, and subnetworks are all plausible in neuro-

morphic hardware. Mapping this suite of operations should be investigated in known

neuromorphic hardware [15–17,19,20], as well as explored in emerging systems that could

opt to tailor physical structures to this modest recipe of operations.

Machine learning: Gradient dynamics are well-studied, but applying DeltaVecs toward

short-cutting gradient computations is a novel finding. Our preliminary results on CNNs

and transformers ought to be extended to pure δ⃗-MGD implementations and on larger

scales. Second-order optimization methods, by which gradient dynamics are learned early
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in training and utilized thereafter for continued network training, also present an area

offering of potentially massive computational savings. The viability of learning gradient

dynamics is supported by Fig. 5.6, which suggests smooth bias gradient Hessians.

In conclusion, we have presented a complete neuromorphic algorithm that is neuro-

inspired, hardware-plausible, and machine learning performant. This work offers a number

of further investigations to pursue, many of which may interest a diversity of academic and

industry communities.
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6.1 Discussion

6.1.1 Retrospective

In Chapter 1 we introduced neuromorphic computing, motivated its importance, and out-

lined the sorts of advancements that could maximize its potential impact, namely on-chip

neuromorphic learning algorithms. We then presented two original works in Chapters 2 and

3 that developed the arbor update rule, an in situ learning algorithm for superconducting

optoelectronic networks and any other dendritically-enabled neuromorphic hardware. In

Chapter 4 we apply the existing model-free MGD to realize hardware-agnostic gradient

descent in recurrent neural networks, showing promise for signal processing and tempo-

ral computing. Finally, in Chapter 5, we introduce the novel δ⃗-MGD algorithm, realizing

backpropagation-competitive gradient descent using only hardware-friendly operations. In

short, we have posited a pertinent domain in neuromorphic computing (on-chip gradi-

ent descent) and presented considerable efforts toward the advancement of this domain.

Moreover, we feel these contributions merit future work toward the continuing pursuit of

bio-inspired algorithms for hardware native neural computing.

6.1.2 Future Work

The hardware-plausible results for gradient descent algorithms across applications, function-

types, and network architectures presented in this dissertation encourage pursuits in on-

chip neuromorphic learning.

Machine Learning: This dissertation concluded with a proposed backpropagation-competitive

algorithm, demonstrating commensurate performance on a number of learning tasks and ar-
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chitectures. These results, however, are not but a drop in the bucket of the immense demon-

strations of backpropagation-driven intelligence across industry and academia. Therefore,

all works presented here must apply considerable work to adapt the solid foundations of

these proof-of-concept results toward industry-standard impact in AI and computing.

Hardware: In particular, the proposed algorithms should proceed from simulated re-

sults to physical in-hardware implementations, with real-world applications in mind. That

progress has been shown on learning with only hardware-feasible operations, full neuro-

morphic implementations of intelligence appear increasingly feasible, offering promise in

energy efficient edge computing and large scale distributed compute. Although presented

results have been specially tailored to functions conducive for physical implementation,

further work on these same algorithms should seek to expand into the spiking domain to

harness all the speed, sparsity, and temporal sophistication that neuromorphic hardware

has to offer.

Neuroscience: Investigations in neuroscience with respect to feasible learning methods

over dendrites and astrocytic subnetworks would furthermore be of interest to connect

presented results with biological realism. While serving academia and industry with useful

advancements in computing is of paramount interest, it does not supersede the greater

question with which this dissertation was introduced: How does intelligence arise in the

brain? There are many approaches to progress on this query, but neuromorphic computing

may best suit Feynman’s final challenge to the scientific community, “What I cannot create,

I do not understand” (Feynman 1988). We have thus labored on brain-inspired intelligence

in neuromorphic systems not only for gains in AI computing, but dually toward bearing

within the greater scheme of pursing understanding in natural intelligence.
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